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There are many wonderful things in nature, but the most wonderful of all is man. 


By Sophocles, an ancient Greek dramatist. 
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Tangent Space and Derivative Mapping 


on Time Scale 


Emin OZYILMAZ 


(Department of Mathematics, University of Ege, 35100, Izmir, Turkey) 


E-mail: emin.ozyilmaz@ege.edu.tr 


Abstract: A pseudo-Euclidean space, or Smarandache space is a pair (R®, wz). In this 
paper, considering the time scale concept on Smarandache space with wls (a) =0 for Vu € E, 
ie., the Euclidean space, we introduce the tangent vector and some properties according to 
directional derivative, the delta differentiable vector fields on regular curve parameterized by 


time scales and the Jacobian matrix of -completely delta differentiable two variables function. 


Key Words: Pseudo-Euclidean space, Smarandache space, time scale, regular curve, 


derivative mapping. 


AMS(2000): 53B30, 51B20. 


§1. Introduction 


A pseudo-Euclidean space, or Smarandache space is a pair (R®, wha), where wla : ae ieee C isa 
continuous function, i.e., a straight line with an orientation O will has an orientation O +w|z (U) 
after it passing through a point U € E. It is obvious that (E,w|G) = E the Euclidean space 
if and only if w|3(@) = 0 for Va € E, on which calculus of time scales was introduced by 
Aulbach and Hilger [1,2]. This theory has proved to be useful in the mathematical modeling of 
several important dynamic processes [3,4,5]. We know that the directional derivative concept 
is based on for some geometric and physical investigations. It is used at the motion according 
to direction of particle at the physics [6]. Then, Bohner and Guseinov has been published 
a paper about the partial differentiation on time scale [7]. Here, authors introduced partial 
delta and nabla derivative and the chain rule for multivariable functions on time scale and 
also the concept of the directional derivative. Then, the directional derivative according to the 
vector field has defined [8]. The general idea in this paper is to investigate some properties of 
directional derivative. Then, using the directional derivative, we define tangent vector space 
and delta derivative on vector fields. Finally, we write Jacobian matrix and the -derivative 
mapping of the -completely delta differentiable two variables functions. So our intention is to 
use several new concepts, which are defined in differential geometry [7]. 


lReceived Feb.25, 2009. Accepted April 10, 2009. 
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§2. Partial differentiation on time scale 


Let n € N be fixed. Further, for each 7 € {1,2,--- ,n} let T; denote a time scale, that is, T; is 
a nonempty closed subset of the real number R. Let us set 


A” = T,aTox--- aT, = {t = (ti, te,--: stn) for t; € Tj, 1l<i<n} 


We call A” an n-dimensional time scale. The set A” is a complete metric space with the metric 
d defined by 


n 
So |ti— sil? for t,s€ A”. 
w=1 


Let o; and p; denote , respectively, the forward and backward jump operators in T;. Re- 
member that for u € T; the forward jump operator o; : T; — T; is defined by 


oi(u) =inf{v eT, : v > p} 


and the backward jump operator p; : T; — T; by 


pi(u) =inf{y €T;: v < ph. 


In this definition we put o;(maxT;) = maxT; if T; has a finite maximum, and p;(minT;) = minT; 
if T; has a finite minimum. If o;(~) > pu, then we say that p is right-scattered ( in T;), while 
any js with is left-scattered ( in T; ). Also, if u < maxZ; and o;(u) = p, then yp is called 
right-dense ( in T;), and if « > minT; and p;(u) = pw, then p is called left- dense ( in T;). If T; 
has a left-scattered minimum m, then we define T, bs = T; — {m}, otherwise i a = T;. If T; has 
a right-scattered maximum M, then we define (T;), = T; — {M}, otherwise (T;);, = Tj. 

Let f : A” — R be a function. The partial delta derivative of f with respect to t; € T? is 
defined as the limit 


lim f(t, ut ,ti-1, oi (ti), tiga, oe sib) — fh, pith »Ej-1, $3, bis, ne itn) _ Of (t) 
g 5-05 oi (ti) — & Ajt; 


Definition 2.1 We say a function f : A” — R is completely delta differentiable at a point 


t° = (¢9,¢9,--- 9) © ThaTka---2T® if there exist numbers Ai, Ao,---,An independent of 
t = (ti, t2,--- ,tn) € A” (but in general, dependent on t°) such that for all t € Us(t°), 
n n 
F(R, tB,- +> 88) — Ft tay stn) = > Ail) — te) + SS os(@? — &) 
i=1 i=1 


and, for each j € {1,2,---,n} and all t € Us(t°), 
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fine eq OF aay ci =f (hisses ybj—1, tj, tj41,°°° te) 
n n 

= Aj(o;(t9) — tj) + 5) As(t) — te) + Big(os (42) — ty) + 50 But? — ti), (2-1) 
iZj iZj 


where 6 is a sufficiently small positive number, Us(t°) is the 6-neighborhood of t° in A", a; = 
a;(t°,t) and B;; = B;;(t°,t) are defined on Us(t°) such that they are equal to zero at t = t° and 
such that 


lim, a;(t°, t) = 0 and lim, Big (t°,t) =0 for all i,j € {1,2,--- ,n}. 
tot tt 


Definition 2.2 We say that a function f : TjaT — R is o1-completely delta differentiable 
at a point (t°,s°) € T,aT if it is completely delta differentiable at that point in the sense of 
conditions (2.5)-(2.7) (see in [7]) and moreover, along with the numbers A, and Ag presented in 
(2.5)-(2.7) (see in [7]) there exists also a number B independent of (t,s) € TxT (but, generally 
dependent on (t°, s°)) such that 


f(or(t*), o2(s°)) — f(t, 8) 
= Ai(oi(t?) — t) + B(o2(s°) — 8) + (ort?) — t) + 72(a2(s°) — 8) (2-2) 


for all (t,s) € V7(t°, s°), a neighborhood of the point (t°, s°) containing the point (o1(t°), s°), 
and the functions 7, = y1(t°, 8°, t, 8) and y2 = y2(t°, 8°, t, 8) are equal to zero for (t, s) = (t®°, s°) 


and 


uae v1 = 71(t°, 8°, t, s) and Jim, y2(t°, s°, s) = 0. (2 — 3) 


Note that in (2— 1) the function yz depends only on the variable s. Setting s = o1(s°) in 


(2 — 2) yields 


af (or(t®), 8°) 


B — 
Aos 


Furthermore, let two functions 


y:T—-R and y:T-R 


be given and let us set 


y(T)=T, and y(T)=Tp. 


We will assume that T, and T> are time scales. Denote by 01, A; and 02, Ag the forward 
jump operators and delta operators for T; and T>, respectively. Take a point €° € T* and put 


t° = y(€°) and s° = ¥(°). 
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We will also assume that 
y(a(€°)) = o1(y(€")) and w(a(€°)) = o2((€°)). 
Under the above assumptions let a function f : TjaT2 — R be given. 


Theorem 2.1 Let the function f be o1-completely delta differentiable at the point (t°,s°). If 


the functions ~ and w have delta derivative at the point £°, then the composite function 


F(f) = f(e(E), v(€)) for € eT 


has a delta derivative at that point which is expressed by the formula 


4 De) a 605, 


Proof The proof can be seen in the reference [7]. 


Theorem 2.2 Let the function f be o1-completely delta differentiable at the point (t°,s°). If 
the functions ~ and y have first order partial delta derivative at the point (€°,n°), then the 


composite function 


rate n) = f(v(E, 7), v(&, n)) for (GS n) € Ty tT (2) 


has the first order partial delta derivatives at (€°,°) which are expressed by the formulas 


OF (E°, n°) _ AF (tH, 8°) Op(E°, n°) S Af (or(t?), 8°) OV(E?, n°) 
Aayé Ait Aaé Ags Awé 


and 


OF(E*,a°) _ OF 9, 8°) Op(E Nn’), OF (ai t?),8°) OWE.) 
Sa ee + — 


Ayé Ait Ayn Aos Aca 


Proof The proof can be also seen in the reference [7]. 


§3. The directional derivative 


Let T be a time scale with the forward jump operator o and the delta operator A. We will 
assume that 0 € T. Further, let w = (wi, w2) € R? be a unit vector and let (¢°, s°) be a fixed 


point in R?. Let us set 


T, ={t=t9+éu,: €€T} and T={s=s°4+ fun: €€T}. 


Then J, and T> are time scales and t? € T,, 8° € Ty. Denote the forward jump operators of T; 
and the delta operators by Aj. 
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Definition 3.1 Let a function f : TizT2 — R be given. The directional delta derivative of 
the function f at the point (t°,s°) in the direction of the vector w (along w) is defined as the 


number 


Of (t®, s°) = 
hy 


provided it exists, where 
F(€) = f(t? +€un, 8° + Ewe) for €eT. 


Theorem 3.1 Suppose that the function f is o1-completely delta differentiable at the point 
(t°,s°). Then the directional delta derivative of f at (t°,s°) in the direction of the w exists and 


is expressed by the formula 


OFE, 3) = af(t, 8°) 4 Of (or(t®), s°) 


Aw Ne Keer oe 


Proof The proof can be found in the reference [7]. 


§4. The tangent vector in A” and some properties 


Let us consider the Cartesian product 


A” = TiaTox--- aT, = {P = (41, 02,°-++ , tn) for x; € T;} 


where T; are defined time scale for alll <i<n, n€ N. We call A” an n-dimensional Euclidean 
space on time scale. 

Let x; : A" — T; be Euclidean coordinate functions on time scale for alll <i<n, nEN, 
denoted by the set {21,2%2,--+,@n}. Let f : A” — A™ be a function described by f(P) = 
(fi(P), fo(P),-+:,fm(P)) at a point P € A”. The function f is called o,-completely delta 
differentiable function at the point P provided that, all f;, 7 = 1,2,--- ,m functions are o1- 
completely delta differentiable at the point P. All this kind of functions set will denoted by 
C4. 

Let P € A” and {(P,v) = vp, P € A”} be the set of tangent vectors at the point P 
denoted by Vp(A”). Now, we find following properties on this set. 

Theorem 4.1 Leta,b€R, f,g € C4 andup, wp, zp € Vp(A?). Then, the following properties 


O1 


are proven on the directional derivative. 


Of (t®, s°) _ OF, 8°) 4 poses?) 


( ) A(avup + bwp) ~ Avp Awp ° 


Olaf + bg) (t°,s°) _ AF.) | ,2a(t®,°) 


(@) Avp a Avp Avp : 
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6) 0-30 
Gt) ALD = afoul?) 
ra) 0 .0 0 0 0 


af(t?, s°) 
Avp 


a [i2(s°) 


+ Flou(t?), 02s") =? 


dg(t?, 8°) Of (a1 (t°), 8°) 
Ait Aos ns 


Proof Considering Definition 3.1 and Theorem 3.1, we get easily (i) and (ii). Then by 
Theorem 3.1, we have 


O(fg)(#, 8°) A fg), 8°) , A fg)(or(#?), 8°) 


we SY eee ere ees 
(E20, 39) + Foul), 8) AOD) 
+ (oon (i), s°) + flou(t?),o0(s0)) PED) 0, 
= PEED 90, ou + AED oo (0), Pos 
— PEE #D o(o(t?),9%)0n + AES) (0, (2°), ou 
+F(or(t?) 0) AO, + florl), 0218) MO, 
—Florlt?),02(3°)) MD, + Flor (0), 02(6) PD, 
= -g(ai(t?), 8°) (oe, + “He )) 
+ PAE # Do (a(t, 8°) — glorlt?), 5) 
+f(o1(t°), 72(s°)) (Sn + we) | 
— 2H os y(or(t?),02(8°)) — floult), 8°) 
= g(orti?).s?) (AAP) + siostt?), oats) (2A) 


(40) DFC, 8°) Bales 8°) go alts?) AF lou(t?), 8°) 
Ait Ait ss ne Ait Ags cs 


§5. The parameter mapping and delta derivative of vector field 


along a regular curve 


Definition 5.1 A A-regular curve (or an arc of a A-regular curve) f is defined as a mapping 


m= fi(t), v2 = Jae tn = frit), te [a,b] 
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of the segment [a,b] C T,a < b, to the space R”, where fi, fo,--- fn are real-valued functions 


defined on [a,b] that are A-differentiable on [a,b|* with rd-continuous A-derivatives and 
POP +E OP +> +1 fe OP #0, te [a,o]*. 


Definition 5.2 Let f :T— A” be a A-differentiable regular curve on [a,b]*. Let T and T be 
a time scales. A parameter mapping h: T — T of the curve f is defined as t = h(s) when h 
and h~! are A-differentiable functions. 


Thus, according to this new parameter, f can be written as follows: 
g: TA", g(s) = f(h(s)). 


Theorem 5.1 Let f:T— A” be a A-differentiable regular curve. Let the function h:T > T 
be parameter map of f and be g = foh. The A-derivative of g is expressed by the formula 


df(h(s)) 
At 

Proof Let f(t) = (fi(t), fo(t),--- , fr(t)) be a regular curve given by the vectorial form in 

Euclidean space A”. Let h be a parameter mapping of f. Considering chain rule for all f;, we 


g°(s) = (s). 


get 


gX(s) = iioh) dliveh) feeh)) 


A(s) A(s) A(s) 
= ca hA(s), -—— hA(s), ve BOO 195) 
_ Altay) alts) dalbls)) pay 
EO ABS SS Re 
df (h(s)) h(s) 
At , 


Definition 5.3 A vector field Z is a function which is associated a tangent vector to each point 
of A” and so Z(P) belongs to the set of tangent vector space Vp(A”) at the point P. Generally, 
a vector field is denoted by 


” 0 
Z(P) =) gi(t)— 
(P)= Lagrle 
where gi(t) are real valued functions defined on T = [a,b], that are A-differentiable on [a, b|* 


with rd-continuous A-derivative. 


Let a function f :T — A”, f(t) = (fi (8), fo(t),--- , fn(t)) be a A-differentiable curve and 
Z(P) be a vector field along it. Thus, we define A-derivative of vector fields as follows: 
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Definition 5.4 Let Z(P) = s gilt) ae 3 -|p be a vector field given along the curve f. The 
A-derivative of the function with wane to the parameter is defined as 


n 


ee COT Oe ee re 
Pan agi? 7 ae a(t) —s aan” = Ds Bn 


Theorem 5.2 Let J be a curve given by f :T > A” andh: T > T be a parameter mapping 
of f. Let Z(P) = = g(t) a 


of the function Z(P) according to the new parameter s can be written as: 


Cigceles) 


Proof When we consider the chain rule on the real valued function for all the A-differentiable 


Pest) be a vector field given along the curve f. The A-derivative 


functions g;(t), we prove Theorem 5.2. 


Definition 5.5 Let a vector field Z(P) = >> g(t) se |Pe fie) be given along a curve f. If 
i=1 ‘ 


42 = 0, Z(P) is called constant vector field along the curve f. 


Theorem 5.3 Let Y and Z be two vector fields along the curve f(t) andh: T > R be a 
A-differentiable function. Then, 


Gi) Y+Z)°O=%Y)@ + (ZO; 

(ii) (AZ)A(t) = (A(a(t)) )(Z)A() + PAW) Z(L); 

(iti) (Y,Z)° (t) = (YAO), Zo) + YO, Z4(0)- 
) 


where ( , ) is the inner product between the vector fields Y and Z. 


Proof The (i) is obvious. Let Y(t) = > kii(t) 52 | py and Z(t) = 5 g(t) s+ pr) be two 
p = i 
vector fields. Then 


Zz)" = Y ae we 
= ; lim Mea) — h(s)gi(s) os i 
2 Sy Moet) — Hot) + etal) Neat 2 a 
= : lim ( AEE EL + In(o(@)) — hs) oe: be 


Tangent Space and Derivative Mapping on Time Scale 9 


That is the formula (27). For (iti), we have 


_ y am MEL) ) 9: (a(t) — ils) ge(o(t)) + hi(s)9i(o(t)) — ki(s)9i(s) 


| 
s—t o(t)—s Ox; f(t) 


4=1. Pon o( ) Be, H0 
A ki(o(t)) — kils) = gila(t)) — gi(s) 
= aan ee aes 


= (Y(t), Z(o(t))) + (YO), Z4(0). 


This completes the proof. 


Definition 5.6 Let f : A? = A™, f(a1,72) = (filai, 22), fo(v1,%2),--* , fn(w1,@2)) be a 
o1-completely delta differentiable function at the point P(t®,s°) € A?. For any tangent vector 
Up € Vp(A?), the A-derivative mapping at the point P(t°, s°) of f is defined by 


Ofi (#1, £2) O f2(#1, £2) oA Ofm (#1, £2) 


i (up) = ( b b) ? ) ®1,%2)° 
- Avp Avy Avy F(w1,02) 


fA.(vp) is a function from the tangent vector space Vp(A?) to tangent vector space Vp(A™). 
Theorem 5.4 The function fxp is linear mapping. 


Proof Let us prove the linearity for any a € R and for any two tangent vectors vp, wp € 
Vp(A?). In fact, 


a ee ee ( Ofi(@1,%2) —_ Ofe(t1,%2) Of (1, £2) ) 
aa A(avp + bwp)’ A(avp + bwp)’ —* A(avp + bwP) ) p49) 
= os ier 22) 4 pofiler, 22) ie ode, £2) 4 pofm(e1, £2) 
Avp Awp ’ Avy Awp f(x1,22) 
_ « (AE) a Aa 
Rus , ; Avy fee) 
(rae SS ae 
+b  —?/ 
Awp Awp f(x1,22) 


affp(up) + bfop(wp). 


I 


Thus the proof is completed. 
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Definition 5.7 Let f(a1, 22) = (fi(a1, £2), fo(ai, @2),°++ , fn(@1, ¥2)) be a o1-completely delta 
differentiable function at the point P(a1,x2) € A?. The Jacobian matrix of f is defined by 


Ofi(vi,t2) Afi (o1(x1),22) 


OA 41 OA 21 
Ofe(x1,t2) A f2(o1(x1),22) 
J(f,P)= | om ve 


Ofm (1,22) — Ofm(or(#1),#2) 
OAi21 OAi21 mx2 


Theorem 5.5 Let f : A? — A” be a o1-completely delta differentiable function. The A- 


WI 


derivative mapping for any P € A? and wp = € Vp(A?) is expressed by the formula 


Ww2 


fip(wp) = (J(f,P), we)”. 


Proof Theorem 5.5 is proven considering Definitions 5.6, 5.7 and Theorem 3.1. 
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Abstract: The pair (Gu,-) is called a special loop if (G,-) is a loop with an arbitrary 
subloop (H,-). A special loop (Gy,-) is called a second Smarandache Bol loop(Sjna BL) if 
and only if it obeys the second Smarandache Bol identity (xs - z)s = x(sz-s) for all x,z in 
G and s in H. The popularly known and well studied class of loops called Bol loops fall into 
this class and so SynaBLs generalize Bol loops. The basic properties of SjnaBLs are studied. 
These properties are all Smarandache in nature. The results in this work generalize the basic 
properties of Bol loops, found in the Ph.D. thesis of D. A. Robinson. Some questions for 


further studies are raised. 
Key Words: special loop, second Smarandache Bol loop 


AMS(2000): 20NO5; 08A05. 


§1. Introduction 


The study of the Smarandache concept in groupoids was initiated by W. B. Vasantha Kan- 
dasamy in [23]. In her book [21] and first paper [22] on Smarandache concept in loops, she 
defined a Smarandache loop(S-loop) as a loop with at least a subloop which forms a subgroup 
under the binary operation of the loop. The present author has contributed to the study of 
S-quasigroups and S-loops in [5]-[12] by introducing some new concepts immediately after the 
works of Muktibodh [14]-[15]. His recent monograph [13] gives inter-relationships and con- 
nections between and among the various Smarandache concepts and notions that have been 
developed in the aforementioned papers. 

But in the quest of developing the concept of Smarandache quasigroups and loops into 
a theory of its own just as in quasigroups and loop theory(see [1]-[4], [16], [21]), there is the 
need to introduce identities for types and varieties of Smarandache quasigroups and loops. 
For now, a Smarandache loop or Smarandache quasigroup will be called a first Smarandache 
loop(S,s«-loop) or first Smarandache quasigroup(Sjst-quasigroup). 

Let L be a non-empty set. Define a binary operation (-) on L: ifa-ye€L forall z,y € L, 
(L,-) is called a groupoid. If the system of equations ; a: x = b and y- a = b have unique 
solutions for 2 and y respectively, then (Z,-) is called a quasigroup. For each x € L, the 
elements x? = rJp, wv = aJ, € L such that xx? = e? and xa = e* are called the right, left 


inverses of x respectively. Furthermore, if there exists a unique element e = e, = ey in L called 


1Received March 4, 2009. Accepted April 12, 2009. 
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the identity element such that for all x in L, z-e =e-x = 42, (L,-) is called a loop. We write 
zy instead of x-y, and stipulate that - has lower priority than juxtaposition among factors to 
be multiplied. For instance, x - yz stands for x(yz). A loop is called a right Bol loop(Bol loop 
in short) if and only if it obeys the identity 


(xy - z)y = x(yz-y). 


This class of loops was the first to catch the attention of loop theorists and the first compre- 
hensive study of this class of loops was carried out by Robinson [18]. 

The aim of this work is to introduce and study the basic properties of a new class of loops 
called second Smarandache Bol loops(SgnaBLs). The popularly known and well studied class 
of loops called Bol loops fall into this class and so SgnaBLs generalize Bol loops. The basic 
properties of Sona BLs are studied. These properties are all Smarandache in nature. The results 
in this work generalize the basic properties of Bol loops, found in the Ph.D. thesis [18] and the 
paper [19] of D. A. Robinson. Some questions for further studies are raised. 


§2. Preliminaries 


Definition 2.1 Let (G,-) be a quasigroup with an arbitrary non-trivial subquasigroup (H,-). 
Then, (Guy,-) is called a special quasigroup with special subquasigroup (H,-). If (G,-) is a loop 
with an arbitrary non-trivial subloop (H,-). Then, (Gy,-) is called a special loop with special 
subloop (H,-). If (H,-) is of exponent 2, then (Gxy,-) is called a special loop of Smarandache 
exponent 2. 

A special quasigroup (Gx,-) is called a second Smarandache right Bol quasigroup(Syna- 
right Bol quasigroup) or simply a second Smarandache Bol quasigroup(Sgna-Bol quasigroup) and 
abbreviated SynaRBQ or SynaBQ if and only if it obeys the second Smarandache Bol identity(Syna- 
Bol identity) t.€ Sona BI 


(as-z)s = a2(sz-s) for allz,z€G andse€ H. (1) 


Hence, if (Gu,-) ts a special loop, and it obeys the Syna BI, it is called a second Smarandache 
Bol loop(Sgna-Bol loop) and abbreviated Sgna BL. 


Remark 2.1 A Smarandache Bol loop(i.e a loop with at least a non-trivial subloop that is a 
Bol loop) will now be called a first Smarandache Bol loop(Sjst-Bol loop). It is easy to see that 
a SonaBL is a SynaBL. But the reverse is not generally true. So SgnaBLs are particular types 
of SjnaBL. There study can be used to generalise existing results in the theory of Bol loops by 
simply forcing H to be equal to G. 


Definition 2.2 Let (G,-) be a quasigroup(loop). It is called a right inverse property quasi- 
group(loop)[RIPQ(RIPL)] if and only if it obeys the right inverse property(RIP) yx. x? = y for 
allz,y€G. Similarly, it is called a left inverse property quasigroup(loop)(LIPQ(LIPL)] if and 
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only if it obeys the left inverse property(LIP) «*- xy = y for allz,y € G. Hence, it is called an 
inverse property quasigroup (loop) [IPQ(IPL)] if and only if it obeys both the RIP and LIP. 

(G,-) is called a right alternative property quasigroup(loop)[RAPQ(RAPL)/ if and only if 
it obeys the right alternative property(RAP) y- ax = yx-« for all x,y € G. Similarly, it is 
called a left alternative property quasigroup(loop)[LAPQ(LAPL)] if and only if it obeys the left 
alternative property(LAP) xx-y = «- xy for all x,y € G. Hence, it is called an alternative 
property quasigroup(loop)[APQ(APL)] if and only if it obeys both the RAP and LAP. 

The bijection L, : G— G defined as yLz = «- y for all x,y € G is called a left transla- 
tion(multiplication) of G while the bijection R, :G— G defined as yR, =y-« for alla,yEG 
is called a right translation(multiplication) of G. 

(G,-) is said to be a right power alternative property loop(RPAPL) if and only if it obeys 
the right power alternative property(RPAP) 


ry” = (((ry)y)y)y---y te. Ryn = RY for allx,y eG andne Z. 
SI 


n-times 


The right nucleus of G denoted by N,(G,:) = N,(G) ={aeG:y-ca=yr-aV x,y € G}. 

Let (Gy,-) be a special quasigroup(loop). It is called a second Smarandache right inverse 
property quasigroup (loop) [Sgn RIPQ(SgnaRIPL)] if and only if it obeys the second Smarandache 
right inverse property(SgnaRIP) ys-s° = y for ally € G ands € H. Similarly, it is called a 
second Smarandache left inverse property quasigroup (loop) [Sgna LIPQ(SonaLIPL)] if and only if it 
obeys the second Smarandache left inverse property(SonaLIP) s*-sy = y for ally € G ands € H. 
Hence, it is called a second Smarandache inverse property quasigroup (loop) [SgnaIPQ(SgnaIPL)] 
if and only if it obeys both the SonaRIP and Sona LIP. 

(Gu,-) ts called a third Smarandache right inverse property quasigroup (loop) [S3ra RIPQ(S3ra 
RIPL)/ if and only if it obeys the third Smarandache right inverse property(S3raRIP) sy-y? = s 
for ally€GandseH. 

(Guy,-) is called a second Smarandache right alternative property quasigroup (loop) [Synd 
RAPQ(S gna RAPL)/ if and only if it obeys the second Smarandache right alternative property (Sona 
RAP) y-ss=ys-s for ally€ G ands € H. Similarly, it is called a second Smarandache left 
alternative property quasigroup (loop) [Syna LAPQ(Sgna LAPL)] if and only if it obeys the second 
Smarandache left alternative property(Sgna LAP) ss-y = s-sy for ally € G ands € H. Hence, 
it is called an second Smarandache alternative property quasigroup (loop) [Sgna APQ(S gna APL)] if 
and only if it obeys both the SgnRAP and SgnaLAP. 

(Guy,-) is said to be a Smarandache right power alternative property loop(SRPAPL) if and 
only if it obeys the Smarandache right power alternative property(SRPAP) 


xs” = (((as)s)s)s---s i.e. Ren = RE for alla eG, s¢ H andne Z. 
eS 
n-times 
The Smarandache right nucleus of Gy denoted by SN,(Guy,-) =SN,(GH) =N,(G) 4. 


Gr is called a Smarandache right nuclear square special loop if and only if s* € SN,(Gr) for 
alls eH. 
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Remark 2.2 A Smarandache; RIPQ or LIPQ or IPQ(i.e a loop with at least a non-trivial 
subquasigroup that is a RIPQ or LIPQ or IPQ) will now be called a first Smarandache; RIPQ 
or LIPQ or IPQ(S;s«RIPQ or Sys:LIPQ or S;s:IPQ ). It is easy to see that a SssRIPQ or 
Sost LIPQ or Sost IPQ is a Syst RIPQ or Sst LIPQ or S;s:IPQ respectively. But the reverse is not 
generally true. 


Definition 2.3 Let (G,-) be a quasigroup(loop). The set SY M(G,-) = SY M(G) of all bijec- 
tions in G forms a group called the permutation(symmetric) group of G. The triple (U,V,W) 
such that U,V,W € SY M(G,-) is called an autotopism of G if and only if 


aU -yV =(a4-yWV 2, yeG. 


The group of autotopisms of G is denoted by AUT(G,-) = AUT(G). 

Let (Gy,-) be a special quasigroup(loop). The set SSYM(Gu,-) = SSYM(Gz) of all 
Smarandache bijections(S-bijections) inGy t.e A€ SYM(Gy) such that A : H — H forms a 
group called the Smarandache permutation(symmetric) group[S-permutation group] of Gy. The 
triple (U,V,W) such that U,V,W € SSYM(Gu,-:) is called a first Smarandache autotopism( Ss: 
autotopism) of Gy if and only if 


aU -yV =(a-yWV 2,ye Gy. 


If their set forms a group under componentwise multiplication, it is called the first Smaran- 
dache autotopism group(S,s autotopism group) of Gy and is denoted by S;«AUT(Gy,-) = 
Sj AUT(Gy). 

The triple (U,V,W) such that U,W € SY M(G,-) andV € SSY M(Gu,:) is called a second 
right Smarandache autotopism(Sgna right autotopism) of Gy if and only if 


aU-sV=(a"-s)WVaxeGandse H. 


If their set forms a group under componentwise multiplication, it is called the second 
right Smarandache autotopism group(Sgna right autotopism group) of Gy and is denoted by 
SonRAUT(Gu,:) = SonaRAUT (Gy). 

The triple (U,V,W) such that V7,W € SY M(G,-) andU € SSY M(Gu,-) is called a second 
left Smarandache autotopism(Syna left autotopism) of Gy if and only if 


sU-yV =(s-y)WVyeGandse H. 


If their set forms a group under componentwise multiplication, it is called the second left 
Smarandache autotopism group(Sgna left autotopism group) of Gy and is denoted by 


SonaLAUT(G,+) = SonaL AUT (Gy). 


Let (Gx,-) be a special quasigroup(loop) with identity element e. A mapping T € SSY M(Gz) 
is called a first Smarandache semi-automorphism(S,s: semi-automorphism) if and only if eT = e 


and 
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(cy: a)T = (aT -yT)aT for all x,y € G. 


A mapping T € SSYM(Gzy) is called a second Smarandache semi-automorphism(Sgna 


semi-automorphism) if and only if eT = e and 


(sy: s)T =(sT-yT)sT for ally € G and all s € H. 


A special loop (Gx,-) is called a first Smarandache semi-automorphism inverse property 
loop(S;«SAIPL) if and only if Jp is a Sj semi-automorphism. 

A special loop (Gx,-) is called a second Smarandache semi-automorphism inverse property 
loop(SynuSAIPL) if and only if Jp is @ Sgn semi-automorphism. 

Let (Gx,-) be a special quasigroup(loop). A mapping Ac SSY M(Gx) is a 


1. first Smarandache pseudo-automorphism(S s pseudo-automorphism) of Gy if and 
only if there exists ac € H such that (A, AR., AR.) € S,sAUT(Gy). c is reffered to as 
the first Smarandache companion(S,s companion) of A. The set of such As’ is denoted by 
S,j«PAUT(Gu,-) = S;«PAUT(Gyr). 

2. second right Smarandache pseudo-automorphism(Sgna right pseudo-automorphism) of 
Gr if and only if there exists ac € H such that (A, AR., AR.) € Sgn RAUT(GH). c is reffered 
to as the second right Smarandache companion(Sgna right companion) of A. The set of such 
As’ is denoted by Syn RPAUT(GuH,-) = SgnaRPAUT (Gy). 

3. second left Smarandache pseudo-automorphism(Sgna left pseudo-automorphism) of Gy 
if and only if there exists ac € H such that (A, AR., AR.) € Son LAUT(Ga). c is reffered to 
as the second left Smarandache companion(Sgna left companion) of A. The set of such As’ is 
denoted by SgnLPAUT (Gy, +) = SgnLPAUT (Gy). 


§3. Main Results 


Theorem 3.1 Let the special loop (Gy,-) be a@ SgnBL. Then it is both a SgnRIPL and a 
Sona RAPL. 


Proof 

1. In the SgnaBI, substitute z = s?, then (xs -s?)s = x(ss?-s) = xs for all x € G and 
s € H. Hence, xs-s? = x which is the SonaRIP. 

2. In the Sona BI, substitute z = e and get xs-s = a- ss for alla € Gand s € H. Which 
is the Sona RAP. 


Remark 3.1 Following Theorem 3.1, we know that if a special loop (Gy,-) is a SgnaBL, then 


its special subloop (H,-) is a Bol loop. Hence, s~! = s* = s? for all s € H. So, ifn € Zt, 


define xs” recursively by s° = e and s” = s"~!.s. For any n € Z~, define s” by s” = (s~!)I"l. 


Theorem 3.2 If (Gy,-) is @ SynuBL, then 
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for allxeG,seH andne€ Z. 


it Proof Trivially, (2) holds for n = 0 and n = 1. Now assume for k& > 1, 


as* = as*-1.3 = as. st} (3) 


for all z € G, s € H. In particular, s* = s*-1.s = s- s*—1 for alls € H. So, xs*t1 = 27. s*s = 


a(ss*-1. 5) = (xs- s*~1)s = xs*- s for all z € G, s € H. Then, replacing x by zs in (3), 
xs+s* = (xs-s*-1)s = 2(ss*-!- s) = 2(s*-18- 8) = 2-s*s = xs*t for all « € G, 8 € H.(Note 
that the SgnaBI has been used twice.) 

Thus, (2) holds for all integers n > 0. 


Now, for all integers n > 0 and all x € G, s € H, applying (2) to x and s~! gives 
n+1 = 


a(s—1)"+1 = g(s-1)". 5-1 = 2s—” - 51, and (2) applied to zs and s~! gives xs - (s~+) 
(xs-s~1)(s~!)” =as—”. Hence, xs~" = xs~"—!- 5 = xs-s~"~! and the proof is complete.(Note 


that the SgnaRIP of Theorem 3.1 has been used.) 


Theorem 3.3 If (Gu,-) is @ SonaBL, then 


mom _ m+n (4) 
for allxeG,se€H andm,ne Z. 


Proof The desired result clearly holds for n = 0 and by Theorem 3.2, it also holds for 
n=1. 

For any integer n > 1, assume that (4) holds for all m € Z and all x € G, s © H. Then, 
using Theorem 3.2, rs™*"t! = rs™t” . 5 = (xs™- 8")s = as™- s"*1 for all x € G, s € H and 
m € Z. So, (4) holds for all m € Z and n € Z*. Recall that (s")~! = s~” for all n € Zt and 


s € H. Replacing m by m—n, xs™-"- 8s” = xs™ and, hence, xs" = xs™-(s")~-! = a5™- 57” 
12) yy B 2 9 


for allm€ ZandxeG,sedH. 


Ss 


Corollary 3.1 Every SgnaBL is a SRPAPL. 


Proof When n = 1, the SRPAP is true. When n = 2, the SRPAP is the SRAP. Let the 
SRPAP be true for k € Z*+; Ryx« = R* for all s € H. Then, by Theorem ??, RE+! = RFR, = 
Ror Rs = Ryr+i for all s € A. 


Lemma 3.1 Let (Guy,-) be a special loop. Then, $s AUT(Gy,-) < AUT(Gu,-), SonRAUT(Gu,:) < 
AUT(H,+) and SpaLAUT(Gu,) < AUT(H,-). But, SyaRAUT(Gu,*) € AUT(Gu,-) and 
SonaL AUT(Gur,-) € AUT(Gu,°). 


Proof These are easily proved by using the definitions of the sets relative to componentwise 


multiplication. 
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Lemma 3.2 Let (Gy,-) be a special loop. Then, SgnRAUT(Guy,-) and SgnLAUT(Gy,:) are 


groups under componentwise multiplication. 


Proof These are easily proved by using the definitions of the sets relative to componentwise 


multiplication. 


Lemma 3.3 Let (Gu,-) be a special loop. 
(1) If (U,V,W) © SonRAUT(Gy,:) and Gy has the SgnaRIP, then 


(W, JpVJp,U) € SyraRAUT(Gu,’). 
(2) If U,V,W) © SynaLAUT(Gy,-) and Gy has the SgnaLIP, then 


(J)U, W, V) € Sonu LAUT (Gu, -). 


Proof (1)(U,V,W) © Sona RAUT(Gy,-) implies that VU. sV = (a-s)W for alla EG 
and s € H. So, (aU - sV)(sV)? = (a- s)W- (sV)? = aU = (as?)W - (s?V)? => (as)U = 
(xs-s?)W - (s?V)? = (xs)U =aW - sJ,V Jp > (W, JpV Jp, U) © Sona RAUT (Gu, :). 

(2)(U,V,W) € Sona LAUT (Gy, -) implies that sU-«V = (s-x)W for alla e€ Gand se H. 
So, (sU)* - (sU-2V) = (sU)-(s-2)W > zV = (sU): (sx)W > xV = (8U)- (sx)W > 
(sx)V = (s°U)* - (s*- sx)W = (sx)V = sJ,\U J, -2W => (JU, W,V) € Sona LAUT (Gu, :). 


Theorem 3.4 Let (Gy,-) be a special loop. (Gy,-) is a SynaBL if and only if (Rz+,L.Rs, Rs) € 
S,;«AUT(GuH, -). 


Proof Gy is a Sona BL iff (ws - z)s = x(sz-s) for alla,z €¢ Gand s € H iff (c«R,-z)R, = 
x(zL,Rs) iff (vxz)R, =xR;1-zL,R, iff (RZ',L,Rs, Rs) € Sys: AUT(Gy,:). 


Theorem 3.5 Let (Gu,-) be a@ Sgn BL. Gy is a SonaSAIPL if and only if Gy is a S3raRIPL. 


Proof Keeping the SgnaBI and the SgnaRIP in mind, it will be observed that if Gy is a 
S3raRIPL, then (sy-s)(s?y?-s?) = [((sy-s)s?)y?]s? = (sy-y?)s? = ss? =e. So, (sy-s)? = sPy?-s?. 
The proof of the necessary part follows by the reverse process. 


Theorem 3.6 Let (Gu,-) be a SonaBL. If (U,T,U) € S;sAUT(Guy,:). Then, T is a Sona 


semi-automorphism. 


Proof If (U,T,U) € 81s AUT(Gy,:), then, (U,T, U) € Sona RAUT (G7, -) 1S gna LAUT (Gy, ). 
Let (U,T,U) © SynaRAUT(Guy,-), then cU - sT = (as)U for alla € Gand s € H. Set 
s =e, then eT =e. Let u = eU, then u € A since (U,T,U) € SonaLAUT(Gy,-). For x =e, 
U=TL,. So, eT L,- sT = (xs)TL,, for all x € G and s € H. Thus, 


(u-«T)-sT = w- (as)T. (5) 


Replace x by sx in (5), to get 
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[u-(sx)T]-sT =u-(sx-s)T. (6) 


(U,T,U) © Sona LAUT (Gy,-) implies that sU -2T = (sx)U for all x € G and s € H implies 
sTL,-«T = (sx)TL,, implies (u-sT)-«T = u-(sx)T. Using this in (6) gives [(u-sT)-2T]-sT = 
u-(sa-s)T. By the SgnaBI, ul(sT- xT) - sT|] =u- (sx-s)T => (sT- 27). sT = (sx-s)T. 


Corollary 3.2 Let (Guy,-) be a SgnaBL that is a Smarandache right nuclear square special loop. 


Then, L,R,' is a Sgna semi-automorphism. 


Proof s? € SN,(Gy) for alls € H iff ry-s? = x- ys? iff (xy) Ry = «-yRy iff (xy)R? = 2- 
y R2(-." of SqnaRAP) iff (I, R2, R2) € Sys AUT (Gy, -) iff (I, Ry2, Ry?) € Sy AUT (Gy, -). Recall 
from Theorem 3.4 that, (Ry, L,Rs, Rs) € Sj+AUT(Gux,:). So, (Ry, LsRe, Rs) (I, Rz2, Ry?) = 
(R71, L,Rz+,Rz1) € Sy AUT (Gu, -) > LsRz' is a Sgna Semi-automorphism by Theorem 3.6. 


Corollary 3.3 If @ SgnaBL is of Smarandache exponent 2, then, L,RZ' is a Syna semi- 


automorphism. 


Proof These follows from Theorem 3.2. 


Theorem 3.7 Let (Guy,-) be @ SgnBL. Let (U,V,W) € S,«AUT(Gu,-), 51 =eU and sz =eV. 
Then, A= UR;! € S;«PAUT(Gy) with Ss companion c = 818° 81 such that (U,V,W) = 
(A, AR, AR-)(Rz1,LsRs,Rs)71. 


Proof By Theorem 3.4, (RZ', LsRs, Rs) € Sys AUT(Guy,-) for alls € H. Hence, (A, B,C) = 
(U,V,W)(R;,, Ls, Rs, Rs,) = (UR;), Vs, Rs,,WRs,) € Sit AUT(Gu,:) > A=UR;!, B= 
VL,,Rs, and C = WR,,. That is, aA- bB = (ab)C for all a,b € Gy. Since eA = e, then 
setting a = e, B = C. Then for b =e, B = AR-g. But eB = eVLg, Rg, = $182° 51. 
Thus, (A, ARep, ARep) € Syst AUT(Guy,:) > A © SysPAUT(Gy,-) with S,s1 companion 


C= 8189: 58, € H. 


Theorem 3.8 Let (Gu,-) be a Son BL. Let (U,V,W) © Sona LAUT (Gy, +) SgnaRAUT (Gu,:), 
8; =eU ands; =eV. Then, A=UR;z1 € Son LPAUT (GH) M Son RPAUT (Gy) with Sona left 


companion and Sona right companion c = 8182-8, such that 


(U,V,W)-={A ARs AR (RS Ig hahs) 


Proof The proof of this is very similar to the proof of Theorem 3.7. 


Remark 3.2 Every Bol loop is a SgnaBL. Most of the results on basic properties of Bol loops 
in Chapter 2 of [18] can easily be deduced from the results in this paper by simply forcing H 
to be equal to G. 


Question 3.1 Let (Gx,-) be a special quasigroup(loop). Are the sets 
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Si«PAUT(GH), SonRPAUT (Gx) and Son LPAUT (GH) 
groups under mapping composition? 


Question 3.2 Let (Guy,-) be a special quasigroup(loop). Can we find a general method(i.e not 
an acceptable SgnaBL with carrier set N) of constructing a@ SgnaBL that is not a Bol loop just 
like Robinson [18], Solarin and Sharma [20] were able to use general methods to construct Bol 
loops. 
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§1. Introduction 


N. Levine [7] introduced the theory of semi-open sets and the theory of a-sets for topological 
spaces. For a systematic development of semi-open sets and the theory of a-sets one may refer 
to [1], [2], [4], [5] and [9]. The notion of preopen sets for topological spaces was introduced by 
S. N. Mashour, M. E. Abd El-Moncef and S.N. El-Deep in [8]. These concepts above are closely 
related. It is known that, in a topological space, a set is preopen and semi-open if and only if it 
is an a-set [10], [11]. Our object in section 3 is to define a prebounded set, totally prebounded 
set, and precompact set in a topological vector space. In Sections 3 and 4 we identify them. 
Moreover, in Section 2, we show that every linear functional on a topological vector space is 


precontinuous and deduce that every topological vector space is a prehausdorff space. 


§2. Precontinuous maps 
We recall the following definitions [2], [8]. 


Definition 2.1 Let X be a topological space. A subset S of X is said to be Smarandachely 
preopen if there exists a set U C cl(S') such that S Cc int(cl(S)UU). A Smarandachely preneigh- 


bourhood of the point x € X is any Smarandachely preopen set containing x. Particularly, a 
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Smarandachely S-preopen set S is usually called a preopen set. 


Definition 2.2 Let X and Y be topological spaces and f : X — Y. The function f is said 
to be Smarandachely precontinuous if the inverse image f—'(B) of each open set B in Y is a 
Smarandachely preopen set in X. The function f is said to be Smarandachely preopen if the 
image f(A) of every open set A in X is Smarandachely preopen in Y. Particularly, if we replace 


each Smarandachely preopen by preopen, f is called to be precontinuous. 


The following lemma is obvious. 


Lemma 2.1 Let X and Y be topological vector spaces and f : X — Y linear. The function f 
is preopen if and only if, for every open set U containing 0 € X,0€ Y is an interior point of 


cl(f(U)). 


The following two theorems are known but we include the proofs for convenience of the 


reader. 


Theorem 2.1 Let X,Y be topological vector spaces and let Y have the Baire property, that is, 
whenever Y = US, By with closed sets Bn, there is is N such that int(By) is nonempty. Let 
f:X 3 Y be linear and f(X)=Y. Then f is preopen. 


Proof Let U Cc X be a neighborhood of 0. There is a neighborhood V of 0 such that 
V-—V CU. Since V is a neighborhood of 0 we have X = USC, nV. It follows from linearity and 
surjectivity of f that Y = US,nf(V). Since Y has the Baire property, there is N such that 


cl(Nf(V)) = Nel(f(V)) contains an open set S which is not empty. Then cl(f(V)) contains 
the open set T = 7S. It follows that 


T-Tcel(f(V)) —l(FV)) c AFV) — F(V)) = l(F(V —V)) C l(f(U)). 


The set T — T is open and contains 0. Therefore, 0 € Y is an interior point of cl(f(U)). From 


Lemma 2.1 we conclude that f is preopen. 


Note that f can be any linear surjective map. It is not necessary to assume that f is 


continuous or precontinuous. 


Theorem 2.2 Let X,Y be topological vector spaces, and let X have the Baire property. Then 


every linear map f : X — Y is precontinuous. 


Proof Let G = {(x, f(a)) : « € X} be the graph of f. The projections 71 :G— X and 
m2 :G— Y are continuous. The projection 7, : G — X is bijective. It follows from Theorem 


?? that 7, is preopen. Therefore, the inverse mapping a is precontinuous. Then f = 7207) ; 


is precontinuous. 


Theorem 2.2 shows that many linear maps are automatically precontinuous. Therefore, it 
is natural to ask for an example of a linear map which is not precontinuous. 
Let X = C(0,1] be the vector space of real-valued continuous functions on [0, 1] equipped 


with the norm 
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fll: = | LF (o)| de. 


Let Y = C[0, 1] be equipped with the norm 


Il flloo = ne Pe: 


x€[0,1 


Lemma 2.2 The identity operator T: X — Y is not precontinuous. 


Proof Let U = {f € C[0,1] : ||flloo < 1} which is an open subset of Y. Let cl(U) be the 
closure of U in X. We claim that 


(2.1) AU) C {f € ClO, 1] = fll < 1}. 


For the proof, consider a sequence f,, € U and a function f € C[0,1] such that {f,,} converges 
to f in X. Suppose that there is xo € [0,1] such that f(x) > 1. By continuity of f, there are 
a<banddé>0O0such thatO <a<a<b<land f(x) > 1+4+6 for x € (a,b). Then, as n > co, 


b 1 
o-as< | fala) — Flo)lae < | lal) — f(a)| de 0 


which is a contradiction. Therefore, f(z) < 1 for all x € [0,1]. Similarly, we show that 
f(x) > —-1 for all x € [0,1]. Now 0 € U = T~1(U) but U is not preopen in X. We sce this 
as follows. Suppose that U is preopen in X. The sequence g,(x) = 2x” converges to 0 in X. 


Therefore, g, € cl(U) for some n and (2.1) implies 2 = ||gn||o. < 1 which is a contradiction. 


We can improve Theorem 2.2 for linear functionals. 


Theorem 2.3 Let f be a linear functional on a topological vector space X. If V is a preopen 
subset of R then f—'(V) is a preopen subset of X. In particular, f is precontinuous. 


Proof We distinguish the cases that f is continuous or discontinuous. 

Suppose that f is continuous. If f(#) = 0 for all x € X the statement of the theorem is 
true. Suppose that f is onto. We choose u € X such that f(u) = 1. Let V be a preopen subset 
of R, and set U := f~1(V). Let x € U so f(x) € V. Since V is preopen, there is 6 > 0 such 
that 


(2.2) I := (f(x) — 6, f(z) +6) C el(V). 


Since f is continuous, f~'(I) is an open subset of X containing x. We claim that 


(2.3) f-'(1) Cc el(U). 


In order to prove (2.3), let y € f~'(I) so f(y) € I. By (2.2), there is a sequence {t,} in V 
converging to f(y). Set 


Yn = Yt (tn — fly))u. 
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We have f(Y¥n) = tn € V so yn € U. Since X is a topological vector space, yn converges to y. 
This establishes (2.3). It follows that U is preopen. 

Suppose now that f is not continuous. By [8, Corollary 22.1], N(f) = {x © X : f(x) =0} 
is not closed. Therefore, there is y € cl(N(f)) such that y ¢ N(f) so f(y) 4 0. Let x be any 
vector in X. There is t € R such that f(x) = tf(y) and so x — ty € N(f). It follows that 
x € cl(N(f)). We have shown that N(f) is dense in X. Let a € R. There is y € X such that 
f(y) =a. Then f~'({a}) = y+ N(f) and so the closure of f~'({a}) is y+ cl(N(f)) = X. 
Therefore, f~'({a}) is dense for every a € R. Let V be a preopen set in R. If V is empty then 
f—*(V) is empty and so is preopen. If V is not empty choose a € V. Then f~!(V) D f~!({a}) 
and so f~1(V) is dense. Therefore, f~!(V) is preopen. 


§3. Subsets of topological vector spaces 


In this section our principal goal is to define prebounded sets, totally prebounded sets and 
precompact sets in a topological vector space, and to find relations between them. We begin 
this section with some definitions. 


Definition 3.1 A subset E of a topological vector space X is said to be prebounded if for every 
preneighbourhood V of 0 there exists s > 0 such that E C tV for allt > s. 


Definition 3.2 A subset E of a topological vector space X is said to be totally prebounded if 
for every preneighbourhood U of 0 there exists a finite subset F of X such that HE CF +U. 


Definition 3.3 A subset E of a topological vector space X is said to be precompact if every 


preopen cover of E admits a finite subcover. 
Lemma 3.1 Every precompact set in a topological vector space X is totally prebounded. 


Proof Let E be precompact. Let V be preopen with 0 € V. Then the collection {v1 +V : 
x € E} is a cover of F consisting of preopen sets. There are 21,%2,...,2n € E such that 
EC oo {x; + V}. Therefore, E is totally prebounded. 
— 


Lemma 3.2 In a topological vector space X the singleton {0} is the only prebounded set. 


Proof It is enough to show that every singleton {u}, wu 4 0, is not prebounded. Let 
V =X —{4u: nEN}. The closure of V is X so V is preopen . But {u} is not subset of nV 
for n = 1,2,3,... Therefore, {u} is not prebounded. 


Theorem 3.1 Jf E is a prebounded subset of a topological vector space X, then E is totally 


prebounded. The converse statement is not true. 


Proof ‘This follows from the fact that every finite set is totally prebounded, and by using 


Lemma 3.2. 
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§4. Applications of Theorem 2.3 


We need the following known lemma. 
Lemma 4.1 Jf U, V are two vector spaces, and W is a linear subspace of U and f : W — V 
is a linear map. then there is a linear map g: U — V such that f(x) = g(x) for all x € W. 


Proof We choose a basis A in W and then extend to a basis B D> A in U. We define 
h(a) = f(a) for a € A and A(b) arbitrary in V for b € B— A. There is a unique linear map 
g:U—V such that g(b) = h(b) for b € B. Then g(x) = f(a) for alla €¢ W. 

We obtain the following result. 


Theorem 4.1 Every topological vector space X is a prehausdorff space, that is, for each 
uyEeX, cr Fy, there exists a preneighbourhood U of x and a preneighbourhood V of y such 
that UNV =9. 


Proof Let x,y € X andz #y. If x,y are linearly dependent we choose a linear functional 
on the span of {x, y} such that f(x) < f(y). Ifa, y are linearly independent we set f(sa+ty) = t. 
By Lemma 4.1 we extend f to a linear functional g with g(x) < g(y). Choose c € (g(x), g(y)) 
and define U = g~'((—ov,c)), and V = g~'((c,co)). Then, using Theorem 2.3, U, V are 
preopen. Also U and V are disjoint and zx € U, ye V. 


We now determine totally prebounded subsets in R. The result may not be surprising but 
the proof requires some care. 


Lemma 4.2 A subset of R is totally prebounded if and only if it is finite. 


proof It is clear that a finite set is totally prebounded. Let FE be a countable (finite or 
infinite) subset of R which is totally prebounded. Let A := {a —y:2,y € E}. The set A is 
countable. We define a sequence {u,,} of real numbers inductively as follows. We set u, = 0. 
Then we choose ug € (—1,0) such that ug —u,; ¢ A. Then we choose u3 € (0,1) such that 
ug — u; ¢ A for i= 1,2. Then we choose uq € (—1,—4) such that u4 — u; ¢ A for i = 1,2,3. 
Continuing in this way we construct a set U = {un :n € N} Cc (—1,1) such that every interval 
of the form (m27*,(m + 1)2-*") with —2* < m < 2*, k © N, contains at least one element 
of U, and such that 0 € U andu—v ¢ A for all u,v © U, u 4 v. Then cl(U) = [-1,1] so 
U is a preneighborhood of 0. Since F is totally prebounded, there is a finite set F’ such that 
ECF+U. IfzeFandz,ye€ E lieinz+U then 2 =z+u,y=2+0 with u,ve U. It 
follows that u-— v = x —y € A and, by construction of U, u = v. Therefore, s = y and so 
each set z+ U, z € F, contains at most one element of E. Therefore, F is finite. We have 
shown that every countable set which is totally prebounded is finite. It follows hat every totally 


prebounded set is finite. 


Combining several of our results we can now identify totally prebounded and precompact 


subset of any topological vector space. 


Theorem 4.2 Let X be a topological vector space. A subset of X is totally prebounded if and 
only if it is finite. Similarly, a subset of X is precompact if and only it is finite. 


Proof Every finite set is totally prebounded. Conversely, suppose that FE is a totally 
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prebounded subset of X. Let f be a linear functional on X. It follows easily from Theorem 2.3 
that f(E) is a totally prebounded subset of R. By Lemma 4.2, f(£) is finite. It follows that 
E is finite as we see as follows. Suppose that E contains a sequence {%,,}°2, which is linearly 
independent. Then, using Lemma 4.1, we can construct a linear functional f on X such that 
f(an) 4 f(am) ifn 4m. This is a contradiction so E must lie in a finite dimensional subspace 
Y of X. We choose a basis y1,..., yz in Y, and represent each x € F in this basis 


v= filx)yr +--+ + fe(x) yr. 


Every f; is a linear functional on Y so f;(£) is a finite set for each 7 = 1,2,...,k. It follows 
that E is finite. 
Clearly, every finite set is precompact. Conversely, by Lemma 3.1, a precompact subset of 


X is totally prebounded, so it is finite. 
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Abstract: <A path partition or a path cover of a graph G is a collection P of paths in 
G such that every edge of G is in exactly one path in P. Various types of path covers such 
as Smarandache path k-cover, simple path covers have been studied by several authors by 
imposing conditions on the paths in the path covers. In this paper, We study the minimum 
number of paths which cover a graph such that each edge of the graph occurs exactly twice 


in two(distinct) paths. 
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§1. Introduction 


Let G be a simple graph and w be a collection of paths covering all the edges of G exactly 
twice. Then w is called a path double cover of G. The notion of path double cover was first 
introduced by J.A. Bondy in [4]. In the paper, he posed the following conjecture: 


Every simple graph has a path double cover w such that each vertex of G occurs exactly 


twice as an end of a path of w. 


The above conjecture was proved by Hao Li in [5] and the conjecture becomes a theorem 
now. The theorem implies that every simple graph of order p can be path double covered by at 
most p paths. Obviously, the reason We need p paths in a perfect path double cover is due to 
the requirement that every vertex must be an end vertex of a path exactly twice. If We drop 
this requirement, the number of paths need is less than p in general. In this paper, We shall 
investigate the following number: 
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42(G) = min { || : w is a path double cover of G } 


For convenience, We call 72(G), the path double cover number of G throughout this paper. 

We need the following definitions for our discussion. For two graphs G and H their cartesian 
product G x H has vertex set V(G) x V(#) in which (g1, hi) is adjacent to (go, he) if gi = go 
and hyh2 € E(#) or hy = hg and gig2 € E(G). For the graphs G and H their wreath product 
G * H has vertex set V(G) x V(#) in which (g1, h1) is joined to (gz, hg) whenever gig2 € E(G) 
or gi = gg and hyh2 € E(H). Similarly Go H, the weak product of graphs G and H has vertex 
set V(G) x V(#) in which two vertices (gi, h1) and (gz, hg) are adjacent whenever gi go € E(G) 
and hihg € E(H). We define the vertex set of the weak product of graphs as in [6] and hence 
V(GoH) =V,UWU...UV, where Vi = {uj,us,...,un},1 <i <n, uj stands for (v;,u;) 
and V(H) = {u1, ue,..-,Um} and V(G) = {v1, ve,...,Un}. Clearly, for each edge vjv; € E(G) 
the subgraph of Go kK, induced by V; UV; is Ky,,v, \ a1(Vi, Vj), where az (Vi, Vj) is a 1-factor 
given by az(Vi, Vj) = (uiud ubud, ubuhi se pti ge) 1l<k<m. 


For our future reference we state some known results. 


Theorem 1.1((3]) Jf both Gi and Gz have Hamilton cycle decomposition and at least one of 
G and G2 is of odd order then G1 0 G2 has a Hamilton cycle decomposition. 


Theorem 1.2([5]) Let m > 3 and n > 3. The graph Cm xX Cy can be decomposed into two 
Hamilton cycles if and only if at least one of the numbers m,n is odd. 


Theorem 1.3((7]) Let m > 3and n> 2. If mis even, then Cy, 0 P, consists of two connected 


components which are isomorphic to each other. 


Theorem 1.4([7]) Ifm = 444+ 2,1 > 1, and n > 2, then each connected component of the 
graph Cm © Pry is isomorphic to Cy/2° Ph. 


A more general definition on graph covering using paths is given as follows. 


Definition 1.5([2]) For any integer k > 1, a Smarandache path k-cover of a graph G is a 
collection w of paths in G such that each edge of G is in at least one path of w and two paths 
of w have at most k vertices in common. Thus if k = 1 and every edge of G is in exactly one 
path in w, then a Smarandache path k-cover of G is a simple path cover of G. 


§2. Main results 


Lemma 2.1 Let G be a graph with n pendent vertices. Then y2(G) > n. 


Proof Every pendent vertex is an end vertex of two different paths of a path double cover 


of G. Since there are n pendent vertices, We have 72(G) > n. 


Lemma 2.2 If G is a graph with 6(G) > 2, then y2(G) > max(6(G) + 1, A(G)). 
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Proof One can observe that the total degree of each vertex v of G in a path double cover 
is 2deg(v). If v is an external vertex of a path in a path double cover w of G then v is external 
in at least two different paths of w. So We have 


Id] 2 {(2deg(v) — 2)/2} +2 
deg(v) -1+2=deg(v)+1>6(G)+1 


I 


This is true for every path double cover of G. Hence y2(G) > 6(G) + 1. Let u be a vertex of 
degree A in G. We always have |u| > 2deg(u)/2 = A. Hence 72(G) > max(6(G) + 1, A(G)). 


Corollary 2.3 IfG is ak-regular graph, then y2(G) > k+1 and for all other graphs y2(G) > A. 


Proof We know that A(G) > 6(G) and for a regular graph 6(G) = A(G). Hence the result 
follows. 


Proposition 2.4 Letm > 3. 


3 if m is odd; 
2(Cm 2 K2) = 
6 if m is even. 


Proof The proof is divided into two cases. 


Case (i) =m is odd. 


Since C’, o Kg is a 2-regular graph, We have 72(Cy, 0 K2) > 3 by Corollary 2.3. Now We 
prove the other part. 

The graph C,,, 0 K2 is a hamilton cycle C of length 2m. (ie) C =< uzugu3...Uamti >. 
Then we take 

Py =< u2u3...Uam—1U2am >} 

Py =< Ugt4...U2m—1U2amU1 >; 

P3 =< ujyugus >; 
The above three paths form the path double cover for Cy, 0 Ky and y2(Cm o K2) < 3. Hence 
92(Cm 0 Ko) = 3. 


Case (ii) mis even. 


The graph Ci, 0 K2 can be factorized into two isomorphic components of cycle of even 
length m. Also since any cycle has minimum path double cover number as 3 (by using Case(?)). 
We have 72(Cp, 0 Ke) = 6. 


Proposition 2.5 Let m,n > 3. y2(CmoC,) = 5 if at least one of the numbers m and n is 
odd. 


Proof Since C,,0C;, is a 4- regular graph, We have y2(C,,0C,) > 5 by Corollary 2.3. Since 
at least one of the numbers m and n is odd, Cy, 0 C;, can be decomposed into two hamilton 
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cycles C; and Cy by Theorem 1.1. Let u € V(Cmo C,). Since deg(u) = 4, there exist four 
vertices v1, V2,v3 and v4 adjacent with u and exactly two of them together with u are on C} 
and the other two together with u are on C2. Without loss of generality assume that < vjuv2 > 
and < v3uv4 > lie on the cycles C, and C2 respectively. 


Vi U3 


U5 
v2 
U6 U7 


Fig. 1 


Since deg(v4) = 4, there are vertices vs, Ug, U7 together with u are adjacent with v4 as in 
Fig.1. Now assume that < vsv4v7 > and < uv4ve > lie on C, and C2 respectively. Let co}, ov) 
be the two copies of C; (i = 1,2). If vzv7 is in Cy then {(C{ — (vgu7)), (CO = (vav7)), (CL? - 
(uv3)), (Cc?) — (uv4)), (v3uv4v7v2)} is a path double cover for Ci, 0 C,;,. Otherwise v2u7 is in 
Cz and {(Ct? — (viu)), (CY — (vavr)), (CS? — (wva)), (CH? — (va07)), (v1uvav7v2)} is a path 
double cover for Ci, 0 C;,. Hence 72(Cm o C;,) = 5. For the remaining possibilities it is verified 


that 72(Cmo C,) = 5 in a similar manner. 


Proposition 2.6 Let m,n > 3. 


4 if n =1 or 3(mod 4) 


92(Pm © Ce) = 
8 if n =0 or 2(mod 4) 


Proof Let V(Pm) = {v1,v2,--.,Um} and let V(C;,) = {u1, ua,.--, Un}. 
Let V; = {ui,ud,...,ui},1 <i <m be the set of n vertices of Pm oC, that corresponds to the 
vertex v; of Pm. 


Case (i) When n = 1 or 3(mod 4), n must be odd.By Lemma 2.2, 72(Pm oC) > 4. Now we 
prove the other part. Take 


Pama) cae ula ua ap Sa 3. 

Pye et el a ae = Py: 

Clearly {P,, P2, P3, Ps} is a path double cover for P,, oC, and 7y2(Pno C,) < 4. Hence 
2(Pm ° Cn) = 4. 


Case (it) When n = 2(mod 4), n = 4i +2 where i > 1,then by Theorems 1.3 and 1.4, 
Py ° Cy, can be decomposed into two connected components and each of which is isomorphic 
to Pm © Cy/2. Now since n/2 is odd, using Case(i) We can have 7y2(Pm ° Cn2) = 4 and hence 


92(Pm O° Cn) = 4. 
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Case (iit) When n = 0(mod4), n = 4i where i > 1. 


Subcase (1) m is even. 


_ 1,,2,,1,,2 1 ee 4 3 4 4,,3,,4,,5 
Py =< upugugug...U,_ 1 URUS 1 U,_9UD 3,4... UgUyU,U?,_1 

6 5 m—-l1l,m ~._ : 

Un—2Un_3-+-Uy Uy” >= Ps; 


Se 26 842 8205 2) 8.) Sa By and a eo 
Py =< uzpuz,UzpUgUuzuqzug ...Us, 91 U7, Ul U9U3 ...U,_9Up, 4 


62% m—2,,.m—l1,m ~_ . 
Up Uy ++ Upn_9 Up Up, >= Pe; 


ee Or ee rs CMY’ 1 (254533, 45/3974 A 439,495 
P3 =< U,U,_1Up_gUy_g3 -.- UQUTUZUZUZ Us... Up, _ 1 UP, UT UZ 
6,,5 6 5,6 m m—1,,m .— : 
UZUY..-Un—jUpnUy...Upn yun ul” >= Pr; 
PAG Al gr sii2 said sae? 23,445 4)4 9,5 m—1,,m—2,,m—-1,m <_ 
Py =< ujujuy uy, 1 U9 Ue 3... URUZUTUR U, Up 9... U4 Ug) “Ug Uy” >= Pz. 


Subcase (2) m is odd. 
aera rec ee Te Sed) 8. ai A 4, 39)44,5 
Py =< upuguguy...U,_7UsU) {Un Uh 3Un_ 4. UQUTU,U?, 1 


6 5 m—1,,m = ‘ 
Un 9Uy 3 UU SS Ps; 


a 1, °2'.-3. 9) 3.2, 5 2 3 4,,5,,4,,5 4 5 
Py =< uzpusupuguzuqzug ...Us US _jU,UPU5UZ...U,_oUp 


1 
6,,7 m m—-1,m = 7 
Up Uy «+. Up 3p 9 Un, >= Pe; 

ayy, 1 2 1,,2,3)49,3)/4 4 13,4 
P3 =< Uj, Uy, 1Up;_2Uy 3. UQUTUZUZUZUs ...U,_, Uy, UU 
6,5 6 5,6 m-l, my Pp. 
UZU4 ».-Un_1Up, Uy... Uy Uy” >= Pr; 

5 


may Ly D8 Bef a8 | A 2 39)49,5 4 m,,m—1 im 
Py =< u,ujpuyuy, 1 Up 9h 3... UZUgUTUD UU, {Up_9-..upUz Ug’ >= Px. 


In both Subcases {P;, P2, P3, Pa, Ps, Pg, P7, Pg} is the minimum path double cover for P,,°o 
C,, and hence 72(Pm o C,,) = 8 for n = O(mod 4). 


Proposition 2.7 Let m > 3, 72(Cm * Ko) = 6 if m is odd. 
Proof Since the graph is 5-regular, We have 72(Cy, * K2) > 6 by Corollary 2.3. Now We 
prove the converse part. Given m is odd, then take 


Py =< Upt1V1 V2U2UZU3 . .. Um—2Um—2Um—1 >} Pz =< Upvo0Vv1U 1 U2V2U3ZUZ3 ...Um—2Um—2Um—1 
Um—1 >; P3 =< Uzugug...Um—1U0V0Um—1Um—2 ++. V201 >; Pa =< UUoUm—1Um—1U90V1U203 >; 
Ps =< Ugv3U4Us ...Um—1V0U1U2U3....UgU1 >; Pg =< U3U4U5 ...Um—100U1V2U3 ...U9U1U2 >. 


Cee ok Ko 
Fig.2 


{P,, Po, P3, Ps, Ps, Pg} is a path double cover for Cy, * Ky and 72(Cm * K2) < 6. Hence 
y2(Cm * Ko) = 6. 
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Proposition 2.8 Let m > 3. y2(Cm * K2) =5 if m is odd. 


Proof By Corollary 2.3, y2(Cm * Kz) > 5. Given m is odd and take 


P, H< UNUIVQUZ8U4 « - / Um—2Um—10V0Um—1Um—2Um—3 +++ U3U2U1 >} 


Pz =< uptyU2...Um—1U0UV1V2---Um—1 >} 


Ps =< Um-1U0Um—1Um—2Um-—3 - + - U1 V0V1UZU3 « »- Um—3Um—2 >} 
Py =< Vj U9Um—1Um—2Um—3U2U1IVOUm—1Um—2 >} 


Ps =< VUm—1U9U1U2V3 -.. Um—2Um-1 >; 


Cm ok Ko 
Fig.3 


{P,, P2, P3, Pi, Ps} is a path double cover for Cy, * Ky and y2(Cm * Ko) < 5. Hence 
2(Cm * Kz) = 5. 


Proposition 2.9 72(Pm* = Ke) =4 form > 3. 


Proof By Lemma 2.2, 7¥2(Pm * Kz) > 4. If m is odd then take 


Py =< unui U2U3U4 ... Um—2Um—1Um—2Um—3 ---U2U1U9 >= P3; 


Py =< ugujug...Um—2Um—1Um—2.--.U1V9 >= Py. 


UO U1 U2 Pas Um—2 Um-1 


vO U1 V2 Bat Um—2 Um-1 
Pm * Ko 
Fig.4 
If m is even then take 


Py =< Und 1 U2U3U4 ... Um—2Um—1Um—2Um—3 +--+. VQ2U1V9 >= Ps; 


Py =< ugujug...Um—1Um—2Um—3.-+-+V1V9o >= Py. 


Clearly {P,, P2, P3, Py} is a path double cover for Py * Kz and 
2(Pm * Kz) < 4. Hence y2(Pm * Ke) = 4. 
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Proposition 2.10 y2(Pm* Ke) =5 form > 3. 
Proof By Lemma 2.2, y2(Pm * K2) > 5. 
Uo U1 ug Um-2 Um—1 
‘ e am as 
Px * Ko 
Fig.5 
If m is even then take 


Py =< upd U1 V2U2U3 ..-Um—2Um—1 >3 


Py =< UnupuyV1U2V2 ...Um—2Um—1 >3 


P3 =< U9’1U2U3U4 - .- Um—3Um—2Um—1Um—1Um—2Um—3 ++ U2V1Uo >} 
Py =< uptyu2ug ...Um—1Um—1Um—2---V1V0 >3 

Ps =< Um—1Um—2Um—3---ULUQUOU] ».. Um—2Um_1 >. 

If m is odd then take 

Py =< unui Uyv2u2...Um—2Um—1 >} 

Pz =< uUpvouyv1U2V2...Um—2Um—1 >3 


P3 =< Uv U2QU3U4U4 . . . Um —2Um—1Um—1Um—2 ++. V2U1V0 >; 


Py =< uptyu2...Um—1Um—1Um—2---V1U0 > 
Ps =< Um—1Um—2.--ULUQUOU] ...Um—1 >. 


{P,, Po, P3, Ps, Ps} is a path double cover for P,, * Kg and y2(Pm * Ke) < 5. Hence 
92(Pm * Ko) = 5. 


Proposition 2.11 Let m> 3. 72(Cm x P3) =5 ifm is odd. 


Proof Let V(Cin) = {v1, V2,-..,Um} and V(P3) = {u1, ua, us}. Let Vi = fui, ui, uh}, 1 < 
i <m be the set of 3 vertices of C,, x P3 that corresponds to a vertex v; of C,,. Now we 
construct the paths for Cy, x P3. 


P, =< utududuzutuzubuzad ...ururuh >; 
-1 
Py =< ututad...uPutan ...ukububudul >; 
Pao< Malaydymurul >: 
3S Uy UzUgUe U3 U3 7; 
-1 
Py =< uf ututugudusutug ...ugturud >; 


Ps =< uduzuzuzusug...ukud >. 
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Y, 
Vo 
V3 
V4 
Vs 
P, Py 
e e 
e e 
e : ad 
Py Ps 
Cs x P3 
Fig.6 


Clearly { P,, P2, P3, Ps, Ps} is a path double cover for C,,, x P3 (See Fig.6) and 72(Cm x P3) < 
5. Hence y2(Cm x P3) =5. 


Proposition 2.12 72(Pno Ke) =4 form > 2. 
Proof By Theorem 2.1, y2(Pm o K2) > 4. If m is even then take 


Py =< Uyv2Ugv4aus ...Um—2Um—1Um >= Ps; 


Py =< V1 UQUZU4US «6. Um—2Um—1Um >= P4. 


Uy U2 U3 Fort Um—1 Um 
U1 V2 U3 es Um-1 Um 
Pe. fe} Ko 
Fig.7 


If m is odd then take 


Py =< U1 V2U3V4U5 ...Um—2Um—-1Um >= P3; 
Py =< V1 U2U3U4U5 ... Um—2Um—1Um >= Py. 
{P,, Po, P3, Ps} is a path double cover for P,, 0 K2 and y2(Pm o Ke) < 4. Hence y2(Py, © 
Ko) =4. 


Proposition 2.13 For the complete bipartite graph Km.n, Y2( Km n) = max{m, n}. 


Path Double Covering Number of Product Graphs 35 


Proof Let (A, B) be the bipartition of Km» where A = {uo, W1,.--,;Um—1}, B = {v0, U1,---,Un—1}. 
Case (i) m<n. 


By Corollary 2.3, y2(Kmjn) > n. Let Pi =< vjuruj412...Um—1Vit-m—1U0Vi-m >, where 
the indices 7 are taken modulo n. w = {P; : 0 <i < n-—1} is clearly a path double cover for 
Kin with n paths. Hence y2(Kmn) =n. 


Case (ii) m>n. 


By Corollary 2.3, ¥2(Kmn) > m-Let P) =< ujvrui4iv2-.-Un—1Ui-n—1U0Uitn >, where the 
indices 7 are taken modulo m. ~ = {P; :0 <i < m-—1} is clearly a path double cover for Km.n 


with m paths. Hence y2(Kimn) =m. This completes the proof. 


Proposition 2.14 Let m,n > 2. 


3. if m=2 or n=2; 
92(Pm x Pn) = 
4 otherwise. 


Proof By Lemma 2.2, 72(Pm xX Pr) > 3 ifm = 2 or n = 2 and 42(Pn x Pr) > 4if m,n > 3. 
The reverse inclusion follows from Fig.8 and Fig.9. 


Proposition 2.15 Let m> 3, n> 3. y2(Cm X Cr) = 5 if at least one of the numbers m and 


n is odd. 


Proof Since Cy, x Cy, is a 4-regular graph, We have 72(Cm x Cyr) > 5 by corollary 2.3. 


Since at least one of the numbers m and n is odd, Cy, x Cy, can be decomposed into two 
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hamilton cycles Cy, and C2 by Theorem 1.2. Let v € V(Cm x C,,). Since deg(v) = 4, there 
exist four vertices u1,U2,u3 and u4 adjacent with v and exactly two of them together with v 
are on C; and the other two together with v are on C2. Without loss of generality assume that 
<ujvug > and < u3vu, > lie on Cy and C2 respectively. Since deg(u4) = 4, there are vertices 
Us, U6, U7 together with v are adjacent with u, as in Fig.10. As before assume that (ususue) 
and (vu4u7) lie on C, and C2 respectively. Let cM), c®) be the two copies of C;(¢ = 1,2). If 
ugug is in Cy then {(CO — (uzug)), (C — (uaue)), (CL? — (vus)), (C — (vus)), (ugvusugta)} 
is a path double cover for Ci, x Cy. Otherwise ugu¢g is in Cg and fc — (uyv)), (co — 
(u4ue)), (Cc — (vua)), (C2) — (ugug)), (urvugugu2)} is a path double cover for Cm x Ch. 
Hence 72(Cm X C,) = 5. For the remaining possibilities it is verified that y2(Cm <x Cn) = 5 in 


a similar manner. 


U5 Un 
U4 uv 
U7 U3 
U6 U2 
Fig.10 


Proposition 2.16 72(Cm x Ka) =4 form> 3. 


Proof By Corollary 2.3, y2(Cm x K2) > 4. Now We prove the other part. If m is odd then 
take 


Py H< U9u1U102U2U3 V3... Um—2Um—2Um—1 >} 


Py =< Ugvnv1 U1 U2V2U3UZ ... Um—2Um—2Um—1Um_—1 >. 


If m is even then take 


Py H=< U9u1V102U2UZV3 ... Um—2Um—2Um-1 >} 


Pz =< UNUNV1 U1 U2VQVZUZ ...Um—2Um—2Um—1Um_—1 >. 


vO 


Cy x Ko 
Fig.11 
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Let P3 =< ujug...Um—1U9VDUm—1Um—2...V2V1 > and 
Py =< uyupum—1Um_—1V90U1 > . 


{P,, Po, P3, Ps} is a path double cover for Cy, x Kz and 72(Cm x K2) < 4. Hence y2(Cim x 
Ky) 24. 


Proposition 2.17 72(Kon410 K2) =2n+1, forn>1. 


Proof Let V(Kan+1) = {vo, U1, v2,---, Ven} and let V(K2) = {uo, ui}. Let Vi = {uj, ui}, O< 
i < 2n be the set of 2n + 1 vertices of Kon+41 0 Ka that corresponds to a vertex vu; of Kan+1. 
Define for 1 < 1 < 2n, A; SH< UNU{Vj41 Vi-1 Vi42QVi-2 »-- Unti-1Un+it1Un+iVo > (A; is nothing 


but the Walecki’s Hamilton cycle decomposition[1]) where the indices are taken modulo 2n 
except 0. Clearly {H1, H2,...,H2n} is a cycle double cover for K2,41. Then 


Kan41 0 Ke = (A, ® H2@...8 Han) 0 Ko 
al Ayo Ko ® Ho0 Ko ®...G Han o Ko 


where H; o Ko(1 < i < 2n) is a cycle double cover for Ko,41 0 Kp. Now remove an edge e; 
from H; 0 Ko(1 <i < 2n) so that < eje2€3...€2n > form a path (See Example 2.18). Hence 
92(Kon41 0 Kg) = 2n+1. Since 6(Kon41 0 Ke) = 2n, We have y2(Kon41 0 Ko) > 2n +1, by 
Lemma 2.2. Hence 72(Kon+1 0 Ko) = 2n+1. 


The following example illustrates the above theorem. 


Example 2.18 Consider Ks 0 Ko, Hi =< v9ujvi410i-1Vi42V0 >,1 <a < 4. The cycle double 


covers for Kon41 0 K2 are 


Ho Ky =< ufubutususugutuzutusul >; 


Ho Ky =< uluzusudutugutusulugul >; 


H3 0 Kg =< ulusufuzutuguguguzudul > and 

Hyo Ky =< uluguluguzugutudusuzul >. 

Now remove the edges (u?ud), (udu), (ufus) and (ugut) from) o Ko, 
Hp o Ko, H3 0 Ky and Hy 0 Ko respectively so that < uQudufugut > form 


a path. Hence 72(Ks5 0 K2) =5. 
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Abstract: It is shown that every fuzzy n-normed space naturally induces a locally convex 


topology, and that every finite dimensional fuzzy n-normed space is complete. 
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§1. Introduction 


A Smarandache space is such a space that a straight line passing through a point p may turn 
an angle 6, > 0. If @, > 0, then p is called a non-Euclidean. Otherwise, we call it an 
Euclidean point. In this paper, normed spaces are considered to be Euclidean, i.e., every point 
is Euclidean. In [7], S. Gahler introduced n-norms on a linear space. A detailed theory of n- 
normed linear space can be found in [8], [10], [12]-[13]. In [8], H. Gunawan and M. Mashadi gave 
a simple way to derive an (n—1)- norm from the n-norm in such a way that the convergence and 
completeness in the n-norm is related to those in the derived (n — 1)-norm. A detailed theory 
of fuzzy normed linear space can be found in [1], [3]-[6], [9], [11] and [15]. In [14], A. Narayanan 
and S. Vijayabalaji have extend n-normed linear space to fuzzy n-normed linear space. In 
section 2, we quote some basic definitions, and we show that a fuzzy n-norm is closely related 
to an ascending system of n-seminorms. In Section 3, we introduce a locally convex topology in 
a fuzzy n-normed space, and in Section 4 we consider finite dimensional fuzzy n-normed linear 


spaces. 


§2. Fuzzy n-norms and ascending families of n-seminorms 


Let n be a positive integer, and let X be a real vector space of dimension at least n. We recall 
the definitions of an n-seminorm and a fuzzy n-norm [14]. 


Definition 2.1 A function (41,%2,...,2n) 1 |\"1,..-,2n|| from X” to [0,00) is called an 


n-seminorm on X if it has the following four properties: 


lReceived April 14, 2009. Accepted May 12, 2009. 
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(S1)|\a1, v2,.-.,2n|| = 0 tf a1, 22,...,2, are linearly dependent; 
(S2) ||a1,22,---,2n|| ts invariant under any permutation of 11, X2,...,XUnj; 
(S3) ||v1,---,%n—1, C&n|| = |el|la1,,.--,@n—1,¢n|| for any real c; 


(S4) |lati,.-+5@mn—1,y + 2] < lla, ---@n—1, yl] + |], ---, ena, 2I]- 


An n-seminorm is called a n-norm if ||a1,22,...,2n|| > O whenever x1, 22,...,Un are 


linearly independent. 


Definition 2.2 A fuzzy subset N of X” x R is called a fuzzy n-norm on X if and only if: 


(F1) For allt <0, N(a1,22,...,%n,t) = 0; 

(F2) For allt > 0, N(a1,22,...,%n,t) =1 if and only if x1, 22,...,%n are linearly depen- 
dent; 

(F3) N(a1,%2,..-,2n,t) is invariant under any permutation of x1, X2,...,Xnj; 


(F4) For allt > 0 andce R, c¥0, 
N(a1,%2,...,C€@n, t) = N(B1, Ba5-- +s ns 7); 
(F5) For all s,t € R, 
N(a1,---;%n—-1,y+ 2,8 +t) > min{N(a1,...,2n-1,y,8), N(a1,---,@n—12,0)}. 
(F6) N(a1,22,..-,2n,t) is a non-decreasing function of t € R and 


lim N(a1,22,...,%n,t) =1. 


The following two theorems clarify the relationship between definitions 2.1 and 2.2. 
Theorem 2.1 Let N be a fuzzy n-norm on X. As in [14] define for x1, 22,...,2n € X and 


a € (0,1) 


(2.1) ||v1,%2,---,2n|lq = inf {t: N(x, %2,...,¢n,t) > a}. 


Then the following statements hold. 


(A1) For every a € (0,1), |le,e,...,el]a is an n-seminorm on X; 


(A2) If0<a<6<1 anda,...,Un © X then 
l|z1, #2,;.--,2nlla < ||z1, 22,+. +5 Znlla; 
(A8) If v1, %2,...,%n € X are linearly independent then 


lim ||@1,%2,...,2nlle = 00. 
avl— 
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Proof (A1) and (A2) are shown in Theorem 3.4 in [14]. Let 21, %2,...,@n € X be linearly 
independent, and t > 0 be given. We set 6 := N(a1,%2,...,%n,t). It follows from (F2) that 
3 € [0,1). Then (F6) shows that, for a € (8,1), 


v1, ¥2,---,Unlla St. 


This proves (A3). 


We now prove a converse of Theorem 2.2. 


Theorem 2.2 Suppose we are given a family |le,e,...,¢||a, a € (0,1), of n-seminorms on X 
with properties (A2) and (A3). We define 


(2.2) N (£1, 22; soe Un, t) — inf{a € (0, 1) : I|z1, TQ,--- ealle 2 t}. 
where the infimum of the empty set is understood as 1. Then N is a fuzzy n-norm on X. 


Proof (F1) holds because the values of an n-seminorm are nonnegative. 

(F2): Lett > 0. Ifa1,...,2@» are linearly dependent then N(a1,...,2n,t) = 1 follows from 
property (S1) of an n-seminorm. If x71,..., 2p are linearly independent then N(21,...,%n,t) <1 
follows from (A3). 

(F3) is a consequence of property (S2) of an n-seminorm. 

(F'4) is a consequence of property (S3) of an n-seminorm. 

(F5): Let a € (0,1) satisfy 


(2.3) a<min{N(2,...,¢n—1,y,8),N(a1,...,Un-1, 2, 8)}. 


It follows that ||a1,...,¢%n—1, ylla < $ and ||71,...,%n-1,2|la < t. Then (S4) gives 


lv1,---;%n—-1,y9 + 2lla << stt. 


Using (A2) we find N(a1,...,%n—-1,y + 2,5 +t) > a and, since a is arbitrary in (2.3), (F5) 
follows. 


(F6): Definition 2.2 shows that N is non-decreasing in t. Moreover, limp. N(#1,...,2n,t) 


= 1 because seminorms have finite values. 


It is easy to see that Theorems 2.1 and 2.2 establish a one-to-one correspondence between 
fuzzy n-norms with the additional property that the function t ++ N(a1,...,%n,t) is left- 
continuous for all 21, 22,...,2%, and families of n-seminorms with properties (A2), (A3) and 


the additional property that a+ ||71,...,2n|l is left-continuous for all 71, 72,...,2n. 
Example 2.3(Example 3.3 in [14]). Let |je,e,...,¢|| be a n-norm on X. Then define N(x, x2, 
...,%n,t) =O if t < 0 and, for t > 0, 


t 


N sad t) = ——_—_——_.. 
(x1, @9, »tn, ) t+ ||x1,22,...,2nll 
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Then the seminorms (2.1) are given by 


a 
lite, alle = aller, 225+ 


—-a 


§3. Locally convex topology generated by a fuzzy n-norm 


In this section (X,N) is a fuzzy n-normed space, that is, X is real vector space and N is 
fuzzy n-norm on X. We form the family of n-seminorms ||e,e,...,¢||4, @ € (0,1), according to 
Theorem 2.1. This family generates a family F of seminorms 


|lv1,---;%n—1,¢lla, Where 71,...,%p—1 € X anda é (0,1). 


The family F generates a locally convex topology on X; see [2, Def.(37.9)], that is, a basis of 
neighborhoods at the origin is given by 


{xe X : p(x) < e fori =1,2,...,n}, 


where p; € F and e; > 0 fori = 1,2...,n. We call this the locally convex topology generated 
by the fuzzy n-norm N. 


Theorem 3.1 The locally convex topology generated by a fuzzy n-norm is Hausdorff. 


Proof Given x € X, x #0, choose 21,...,%n—1 € X such that 71,...,%p_1,x are linearly 
independent. By Theorem 2.1(A3) we find a € (0,1) such that |Jai,...,¢n-1,2||. > 0. The 
desired statement follows; see [2,Theorem (37.21)]. 


Some topological notions can be expressed directly in terms of the fuzzy-norm N. For 
instance, we have the following result on convergence of sequences. We remark that the defi- 
nition of convergence of sequences in a fuzzy n-normed space as given in [16, Definition 2.2] is 


meaningless. 


Theorem 3.2 Let {x,} be a sequence in X anda € X. Then {x~} converges to x in the locally 
convex topology generated by N if and only if 


(3.1) lim N(qq,...,@n-1,%% — 2%, t) =1 


k—-o0o 


for allay,...,@n-1 € X and allt > 0. 


Proof Suppose that {x;,} converges to x in (X,N). Then, for every a € (0,1) and all 
@1,02,..-,@n—1 € X, there is K such that, for all k > K, |lai,a2,...,@n—1, tk — 2lla < €. The 
latter implies 


N (a1, @2,---,;@n—-1, 0k — @,€) >a. 


Since a € (0,1) and € > 0 are arbitrary we see that (3.1) holds. The converse is shown in a 


similar way. 


In a similar way we obtain the following theorem. 
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Theorem 3.3 Let {x;,} be a sequence in X. Then {xx} is a Cauchy sequence in the locally 
convex topology generated by N if and only if 


(3.2) lim N(a1,..-,@n—-1, 2k —&@m,t) =1 


k,m—oo 


for all ay,...,@n-1 € X and allt > 0. 


It should be noted that the locally convex topology generated by a fuzzy n-norm is not 
metrizable, in general. Therefore, in many cases it will be necessary to consider nets {x;} in 


place of sequences. Of course, Theorems 3.2 and 3.3 generalize in an obvious way to nets. 


§4. Fuzzy n-norms on finite dimensional spaces 


In this section (X, N) is a fuzzy n-normed space and X has finite dimension at least n. Since 
the locally convex topology generated by N is Hausdorff by Theorem 3.1. Tihonov’s theorem 
[2, Theorem (23.1)] implies that this locally convex topology is the only one on X. Therefore, 
all fuzzy n-norms on X are equivalent in the sense that they generate the same locally convex 
topology. 

In the rest of this section we will give a direct proof of this fact (without using Tihonov’s 
theorem). We will set X = R? with d > n. 


Lemma 4.1 Every n-seminorm on X = R® is continuous as a function on X" with the 


euclidian topology. 


Proof For every j = 1,2,...,n, let {x;,,}7°., be a sequence in X converging to x; € X. 
Therefore, jim \|v5,% — £;|| = 0, where ||z|| denotes the euclidian norm of x. From property 
—> CO 


(S4) of an n-seminorm we get 
|||U1 45 V2.4; snes /2n,kll o> lla, X2,k) Sole ,2n,kll | < |v1,% — %, X2,k) See »£n,k|l- 


Expressing every vector in the standard basis of R@ we see that there is a constant M such that 


1915 920-++5 Ynil < M|lyi|l--- [lyn] for all yj € X. 
Therefore, 
lim ||@1,4—%1, Va4,---, Ln,x|| =O 
k-00 
and so 
lim |||v1,45 X2,k5 aes ely Ln,k| ot ll, 2k seeeig Ln,kl|| = 
k-00 


We continue this procedure until we reach 


lim ||v1,4, %2,4,---; nel] = ||v1, %2,---, Lnll- 
k—o0o 
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Lemma 4.2 Let (R¢,N) be a fuzzy n-normed space. Then ||x1,%2,...,2n||, 18 an n-norm if 
a € (0,1) is sufficiently close to 1. 


Proof We consider the compact set 
= { (x1, TQ,+++, In) ER”: 21, x2,..., Lp is an orthonormal system in R*} ‘ 
For each a € (0,1) consider the set 
Sa = {(£1, @2,...,2n) € S': ||e1, 02,...,2n||,, > O}. 


By Lemma 4.1, Sq is an open subset of $. We now show that 


(4.1) S= U_ Sq. 
a€(0,1) 
If (a1, @2,..-, Un) € S then (a1, x2,..., Lp) is linearly independent and therefore there is 3 
such that N(#1,22,...,@n,1) < 6 < 1. This implies that ||a1, x2,..., nl 4 > 1 so (4.1) is 
proved. By compactness of S, we find aj, a2, ..., Q@m such that 
S=U Sq,. 
w=1 
Let @ = max{ay, a2, ..-, Gm}. Then ||z1, 22,..., nll, > 0 for every (1, w2,..., tn) € 8. 
Let 21, %2,..., 2, € X be linearly independent. Construct an orthonormal system 
€1, €2,---, €n from 21, %2,..., Lp by the Gram-Schmidt method. Then there is c > 0 such 
that 
l2iy- Boss iay Wall, = ellety es520. 4 Call, > 0. 


This proves the lemma. 


Theorem 4.1 Let N be a fuzzy n-norm on R¢, and let {xz} be a sequence in R¢ and x € R¢. 


(a) {x,} converges to x with respect to N if and only if {xz} converges to x in the euclidian 
topology. 
(b) {ap} is a Cauchy sequence with respect to N if and only if {xp} is a Cauchy sequence 


in the euclidian metric. 


Proof (a) Suppose {x,} converges to x with respect to euclidian topology. Let a1, a2,...,@n—1 € 

X. By Lemma 4.1, for every a € (0,1), 

lim |la1, @2,..-, Qn—-1, Fe—2\|, = 0. 

k—0o 
By definition of convergence in (IR¢, NV), we get that {2;} converges to x in (R?, N). Conversely, 
suppose that {x,} converges to z in (R?,N). By Lemma 4.2, there is a € (0,1) such that 
\|¥1,Y2,+-+,Ynl|, is an n-norm. By definition, {x,} converges to x in the n-normed space 
(R4, ||-||,,)- It is known from [8, Proposition 3.1] that this implies that {a,} converges to x with 
respect to euclidian topology. 


(b) is proved in a similar way. 


Some Remarks on Fuzzy N-Normed Spaces 45 


Theorem 4.2 A finite dimensional fuzzy n-normed space (X,N) is complete. 


Proof This follows directly from Theorem 3.4. 
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§1. Introduction 


For an integer k > 1, a Smarandache k-tiling of the plane is a family of sets called k-tiles 
covering each point in the plane exactly & times. Particularly, a Smarandache 1-tiling is usually 
called tiling of the plane [8]. Tilings are known as tessellations or pavings, they have appeared 
in human activities since prehistoric times. Their mathematical theory is mostly elementary, 
but nevertheless it contains a rich supply of interesting problems at various levels. The same 
is true for the special class of tiling called tiling by regular polygons [2]. The notions of tiling 
by regular polygons in the plane is introduced by Grunbaum and Shephard in [3]. For more 
details see [4, 5, 6, 7]. 


Definition 1.1 A tiling of the plane is a collection S = {T; : i € I = {1,2,3,...}} of closed 
topological discs (tiles) which covers the Euclidean plane E? and is such that the interiors of 


the tiles are disjoint. 


More explicitly, the union of the sets 7), 7»>,..., tiles, is to be the whole plane, and the 
interiors of the sets TJ; topological disc it is meant a set whose boundary is a single simple 
closed curve. Two tiles are called adjacent if they have an edge in common, and then each 
is called an adjacent of the other. Two distinct edges are adjacent if they have a common 
endpoint. The word incident is used to denote the relation of a tile to each of its edges or 
vertices, and also of an edge to each of its endpoints. Two tilings S; and Sz are congruent if S; 


may be made to coincide with Sg by a rigid motion of the plane, possibly including reflection 


[1]. 


Definition 1.2 A tiling is called edge-to-edge if the relation of any two tiles is one of the 
following three possibilities: 


(a) they are disjoint, or 
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(b) they have precisely one common point which is a vertex of each the of polygons, or 


(c) they share a segment that is an edge of each of the two polygons. 


Hence a point of the plane that is a vertex of one of the polygons in an edge-to-edge tiling 
is also a vertex of every other polygon to which it belongs and it is called a vertex of the 
tiling. Similarly, each edge of one of the polygons, regular tiling, is an edge of precisely one 
other polygon and it is called an edge of the tiling. It should be noted that the only possible 
edge-to-edge tilings of the plane by mutually congruent regular convex polygons are the three 
regular tilings by equilateral triangles, by squares, or by regular hexagons. A portion of each 
of these three tilings is illustrated in Fig.1. 


Fig.1 


Definition 1.3 The regular tiling S will be called r-monohedral if every tile in S is congruent 
to one fixed set T. The set T is called the prototile of S, where r is the number of vertices for 
each tile [2]. 


§2. o-Coloring 


Let R? be equipped by r-monohedral tiling S, and let V(%) be the set of all vertices of the 
tiling S. 


Definition 2.1 o-coloring of the tiling S . Is a portion of V(S) into k color classes such that: 


(i) different colors appears on adjacent vertices, and for each tile T; € & there exist per- 


mutation a from some color k. 


(it) The exist at least 0; such that O(o;) =k . where O(a;) is the order the permutation 


We will denote to the set of all permutation the o-coloring by J(S). 


Definition 2.2 The o-coloring is called perfect o-coloring if all tiles have the same permutation. 
Theorem 2.1 The 3-monohedral tiling admit o-coloring if and only if k = 3. 


Proof Let R? be equipped by 3-monohedral tiling S . If k < 3, then there exist adjacent 
vertices colored by the same color, which it contradicts with condition (i). If k > 3, then the 
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condition (i) satisfied but the condition (ii) not satisfied because as we know that each tile has 
three vertices, so it cannot be colored by more than three colors, see Fig. 2. 


AW 


Fig.2 


Hence the 3-monohedral tiling admit o-coloring only if & = 3, and owill be o = (123). see 
Fig.3. 


NVVVVVVV 


Fig.3 


Corollary 2.1 Every o-coloring of 3-monohedral tiling is perfect o-coloring. 
Theorem 2.2 The 4-monohedral tiling admit a-coloring if and only if k = 2 andk =4. 


Proof Let R? be equipped by 4-monohedral tiling & . If the k > 4, then the condition 
(ii) not satisfied as in the 3-monohedral case, then & have only three cases k = 1,2,3 and 4. 
If k = 1then there exist adjacent vertices colored by the same color which contradicts this will 
contradicts with condition (i). If & = 3, the first three vertices colored by three colors, so the 
forth vertex colored by color differ from the color in the adjacent vertices by this way the tiling 
will be colored but this coloring is not o-coloring since the permutation from colors not found. 
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Then the condition (i) not satisfied. If k = 2, the two condition of the o-coloring are satisfied 
and so the tiling admits o-coloring by permutation o = (12), for all tiles T; € S, see Fig. 4. 


Fig.4 


If k = 4, then V(S) colored by four colors, and in this case the 5-monohedral tiling admit 
o-coloring by two methods. The first method that all tiles have the permutation o = (1234), 


and in this case the o-coloring will be perfect o-coloring, see Fig. 5. 


Fig.5 


Fig.6 
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The second method, if the T; has the permutation o = (1234). As we know, each tile surround- 
ing by eight tiles four tiles adjacent to T; by edges, and other four tiles adjacent to T;, by vertices 
then we can colored these tiles by the four colors such that all tiles have the permutation o 
= (1234) and the tiles which adjacent by vertices will colored by some colors of k , such that each 
tile has one of these permutation {a, 3,7,6}, where a = (12), 6 = (23), y = (34) and 6 = (41), 
see Figure 6. Then will be J(S) = {o = (1234), a = (12), 6 = (23), 7 = (34), 6 = (41)}. 


Corollary 2.2 The 4-monohedral tiling admit prefect o-coloring if and only if k = 2. 


Theorem 2.3. The 6-monohedral tiling admit o-coloring if and only if k = 2,k = 3. and 
k=6. 


Proof If k > 6, then the condition (ii) not satisfied as in the 3-monohedral case. Now 
we will investigate the cases where & = 1,2,3,4,5 and 6. If & = 1, then the condition (i) not 
satisfied as in the 4-monohedral case. If k = 5or k = 4 we known that each tile has six vertices, 
then in each case k = 5 or k = 4 the tiling can be colored by 5 or 4 colors but these colors 
not satisfied the condition (i). Then at k = 5or k = 4the coloring not be o-coloring. If k = 2, 
the tiling coloring by two color then the vertices of each tile colored by two color, and the 
permutation will be o = (12) for all tiles see Fig. 7. 


Fig.7 


If k = 3, the tiling coloring by three colors. So suppose that T; tile colored by o = (123), we 
know that each tile surrounding by six tiles, then if the tile which lies on edge e, = (vi v2) € 
T; has the permutation o = (123) thus the tiles which lies on e, = (v4us) will colored by 
a = (12) and the converse is true. Similarly the edges {e2, e5}with the with the permutation 
{o = (123456), 6 = (34)} and {e3,e6} with {o = (123456),d = (56)}. Then permutation 
{o = (123), 6 = (23)} and {e3,e6} with {o = (123),6 = (13)}, then J(S) = {o = (123),a = 
(12), 6 = (23), 6 = (13)}. see Fig. 8. 
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Fig.8 


If & =6. the tiling coloring by six colors. Then if the tile which lies on edge e1 = (v1 v2) € T; 
has the permutation o = (123456) thus the tiles which lies on e, = (v4us) will colored by 
a = (12) and the converse is true. Similarly the edges {e2,e5} J(S) = {o = (123456),a = 
(12), 6 = (34), 6 = (56)}, see Fig. 9. 


Fig.9 


Corollary 2.3 The 6 -monohedral tiling admit prefect o-coloring if and only if k = 2. 
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such a set is called a dominating set of G. The Smarandachely domination number 7,(G) of 
G is the minimum cardinality of a Smarandachely dominating set of G. For abbreviation, 
we denote 71(G) by 7(G). In 1996, Reed proved that the domination number 7(G) of every 
n-vertex graph G with minimum degree at least 3 is at most 3n/8. Also, he conjectured that 
7(H) => [n/3] for every connected 3-regular n-vertex graph H. In [?], the authors presented 
a sequence of Hamiltonian cubic graphs whose domination numbers are sharp and in this 
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§1. Introduction 


Throughout this paper, all graphs considered are finite, undirected, loopless and without mul- 
tiple edges. We refer the reader to [12] for terminology in graph theory. 

Let G be a graph, with n vertices and e edges. Let N (v) be the set of neighbors of a vertex 
v and N{[v] = N(v)U {vu}. Let d(v) = |N (v)| be the degree of v. A graph G is r—regular 
if d(v) = r for all v. Particularly, if r = 3 then G is called a cubic graph. A vertex in a 
graph G dominates itself and its neighbors. A set of vertices S in a graph G is called to be a 
Smarandachely dominating k-set, if each vertex of G is dominated by at least k vertices of S. 
Particularly, if k = 1, such a set is called a dominating set of G. The Smarandachely domination 
number y.(G) of G is the minimum cardinality of a Smarandachely dominating set of G. For 
abbreviation, we denote 7,(G) by y(G). A subset F’ of a minimum dominating set S is a forcing 
subset for S if S is the unique minimum dominating set containing F’. The forcing domination 
number f (G,y) of S is the minimum cardinality among the forcing subsets of S , and the 


forcing domination number f (G,y) of G is the minimum forcing domination number among 
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the minimum dominating sets of G ([1], [2], [5]-[7]). For every graph G, f (G,7) < y(G). Also 
The forcing domination number of several classes of graphs are determined, including complete 
multipartite graphs, paths, cycles, ladders and prisms. The forcing domination number of the 
cartesian product G of k copies of the cycle C2z41 is studied. 

The problem of finding the domination number of a graph is NP-hard, even when restricted 
to cubic graphs. One simple heuristic is the greedy algorithm, ([11]). Let d, be the size 
of the dominating set returned by the greedy algorithm. In 1991 Parekh [9] showed that 
dy <n+1—/2e+1. Also, some bounds have been discovered on y(G) for cubic graphs. 
Reed [10] proved that y(G) < 2n. He conjectured that 7(H) > [4] for every connected 3- 
regular (cubic) n-vertex graph H. Reed’s conjecture is obviously true for Hamiltonian cubic 
graphs. Fisher et al. [3]-[4] repeated this result and showed that if G has girth at least 5 then 
1(G) < 4n. In the light of these bounds on ¥, in 2004 Seager considered bounds on d, for 
cubic graphs and showed that ([11]): 


For any graph of order n, | ka < 7(G) (see [4]) and for a cubic graph G, dg < $n. 


In this paper, we would like to study the forcing domination number for Hamiltonian cubic 
graphs. In [8], the authors showed that: 


Lemma A. If r = 2 or 3 (mod 4), then (c’) =7(G). 
Lemma B. If r = 0 or 1 (mod 4), then y (c’) =7(G)-1. 


Theorem C. If r = 1 (mod 4), then 7 (Go) = m [4 - |]. 


§2. Forcing domination number 


Remark 2.1 Let G = (V,£E) be the graph with V = {v1,v2,...,Un} for n = 2r and E = 
{viv;| |t-—j| = 1 or r}. So G has two vertices v; and v,, of degree two and n — 2 vertices of 
degree three. By the graph G is the graph described in Fig.1. 


Uy V2 U3 VA Upat Ur Ur4i Ur4+2 Ur43 Ur4+4 V2r—1 Var 


Fig.l. The graph G. 
For the following we put N,[x] = {z| z is only dominated by x} U {za}. 


Remark 2.2 Suppose that the graphs G’ and G” are two induced subgraphs of G such that 


V(G) =V(G) — {v1, un} and V(G") = V(G) — {v1} ( or V(G") = V(G) — {v2,}). 
Remark 2.3 Let Go be a graph of order mn that n = 2r, V(Go) = {v11, V12, ---; 
Vi ny V215 V22y +06) Vay 1) U1) Um2-+y Umn} and B = UE {vizvil |j —1] = Lor r}U {vinvg4ii] t= 


1,2,...,m—1}U {v11Umn}. By the graph Go is 3-regular graph. Suppose that the graph G; 
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is an induced subgraph of Go with the vertices vj1, Ui1,..., Vin. By the graph Go is the graph 
described in Fig. 2. 


Vi12 UL(r—1) 
eeee ; 


Um-1)(2r) *, V2(r—-1) 


. 
. 

U3L 
V2(2r) 


eee Vo(r41) 
V2(2r—1)  V2(r+2) 


Fig. 2. The graph Go. 


Proposition 2.4 Ifr=0 (mod 4), then f(G,7) < 2, otherwise f(G,y) =1. 


proof First we suppose that r = 1 (mod 4). It is easy to see that f(G,7) > 0, because 
G has at least two minimum dominating set. Suppose F' = {v,} C S where S is a minimum 
dominating set. Since 7(G) = 2|r/4| + 1, for two vertices v, and v, in 5S, |N[vz] U N[vy]| > 6. 
This implies that {ve,v-41} 9S = 0, then v1.3 € S. A same argument shows that us € S. 
Thus S$ must be contains {v,4+7, Vo, ..., Var—2, Ur}, therefore f(G,y) = 1. 

If r = 2 (mod 4), we consider S = {vo2, U6, Vi0, ++) Urs Urt4s Urt8) ++) U2r—6; Var—2}. Assign 
the set F' = {v2} then it follows f(G,7) < 1, because |N,[z]| = 4 to each vertex x € S. On the 
other hand since G has at least two minimum dominating set. Hence f(G,y) = 1. 

If r = 3 (mod 4), for S = {v1, U5, V9, ..., Ur—25 Ur-+35 Ur +7) +5 U2r—4; Var}, the set F = {v1} 
shows that f(G,y) < 1. Further, since G has at least two minimum dominating set, then it 
follows f (G,y) = 1. 

Finally let r = 0 (mod 4), we consider S = {v1, U5, V9, «--; Ur—3, Ur-+15 Ur+3; 


Up47y e+) VQr—5, Var—1}. If F = {v1, v,41}, a simple verification shows that f (G,y) < 2. 
Proposition 2.5 Ifr=1 (mod 4) then f (c',7) =0. 


Proof By Lemma B, we have + (c’) = 2|r/4|. Now, we suppose that S is an arbi- 
trary minimum dominating set for G’. Obviously for each vertex vz € S, |N>p[v2]| = 4, so 
{vp—1, Ur42} CS. But {v2-_2, vp_2} NS = 0 therefore v2,_3 € S. Thus S must be contains 
{Up—5, Ur—9, +--+; Ur+10, Ur+6}, then S is uniquely determined and it follows that f (c’,7) =0. 


Proposition 2.6 If r=0 (mod 4) then f (c".7) =0. 


Proof Let r = 0 (mod 4) and S be an arbitrary minimum dominating set for G” with 
V(G") = V(G) — {ui}. If {v2ar, var-1} NS A# GO. Without loss of generality, we assume that 
vor € S then S must be contains {v;+2, Up—2, Ur—6, «+5 V10; U6, VIr—4; VAr—8, +++) Urzsg}. On the 
other hand by Lemma B, 7 (c’) = 2\|r/4| (Note that by Proof of Lemma B one can see 
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¥(G') = 7(G") where r = 0 (mod 4)). So the vertices v3, v4, Up44 and v,45 must be dominated 
by one vertex and this is impossible. Thus necessarily v, € S, but {v,—1, Vari} 9S = 0 
which implies v2,—2 € S. Finally the remaining non-dominated vertices {v,+41, Ur-+2, V2} is just 


dominated by v,;+2. Therefore the set S = {vg, ug, ..., Ur—4y Ury Ur+2; Ur-+6) +++) V2r—2} is uniquely 


determined which implies f (c", vy) =0. 


§3. Main Results 


Theorem 3.1 [fr =2 or 3 (mod 4), then f (Go,y) =m. 


Proof Let r = 2 (mod 4) and S be a minimum dominating set for Go. If there exists 
i € {1,2,...,m} such that S12 {vi1, vin} 4 then it implies |S G;| > 2|r/4] + 1. Moreover 
7 (Go) = m(2|r/4| +1). From this it immediately follows that there exists 7 € {1,2,...,m}—-— 
{i} such that |S G;| < 2|r/4] +1 and this is contrary to Lemma A. Hence S$’ {vj1, vin} = 0 
for 1 <i<m. On the other hand f (Gj, y) = 1 for 1 <7 < m which implies f (Go, y) =m. 

Now we suppose that r = 3 (mod 4) and S is minimum dominating set for Go, such that 
FH={vj|1<i<m}CS. Since vi € S and y(Go) = 2|r/4|+2 then {vj2, 13}99 = 0 and this 
implies v;,43) € S. With similar description, we have {vj5, vi9, «--, Vi(r—2) Vi(r+-6)s Vi(r-E11) 3 > 
Vi(2r—4)} C S. But for the remaining non-dominated vertices vj, vjc2-) and U;(2r—1) necessarily 
implies that v;2,) € S. Hence S is the unique minimum dominating set containing F’. Thus 
f (Go, y) < m. A trivial verification shows that f (c',7) af (c",7) > 1 fori e€ {1,2,...,m}, 
therefore f (Go, y) =m. 


1 ifm=0 (mod 3) 
Theorem 3.2 f (Go, 7) = forr =1 (mod 4). 


2 otherwise 


Proof If m = 0 (mod 3), we suppose that F' = {vin} C S and S is a minimum dominating 
set for Go. By Theorem C, we have 7 (Go) = m[n/4] — |m/3], then v3,1 € S. Here, we use the 
proof of Propositions 4 and 5. From this the sets SN V (G1), SN V (G2), SAV (Gs) uniquely 
characterize. By continuing this process the set S uniquely obtain, then f (Go, y) = 1. 


If m = 1 or 2 (mod 3), then the set F = {vin,Umn} uniquely characterize the minimum 


dominating set for Go, therefore f (Go, y) = 2. 


|e) +1 ifm =0 (mod 3) 
Theorem 3.3 f (Go, y) = for r =0 (mod 4). 
| =| +3 otherwise 


Proof If m = 0 (mod 3) the set F = {v21, Va(r+4), U5(r+4)s U8(r+4)> «+7 Um—1(r-+4) } determine 
the unique minimum dominating set for Go then f (Go, y) < |m/3| +1. But 7(G;) = 2 |r/4| 


for |m/3]| of Gis. Hence f (Go, y) = |m/3| +1. The proof of the case m = 1 or 2 (mod 3) is 


similar to the previous case. 
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Abstract: Our work is motivated by a recent paper of Rivest [6], concerning permuta- 
tion polynomials over the rings Z, with n = 2“. Permutation polynomials over finite fields 
and the rings Z,, have lots of applications, including cryptography. For the special case 
n = 2”, a characterization has been obtained in [6] where it is shown that such polynomials 
can form a Latin square (0 < 2,y < n—1) if and only if the four univariate polynomials 
P(x,0), P(x,1), P(0,y) and P(1,y) are permutation polynomials. Further, it is shown that 
pairs of such polynomials will never form Latin squares. In this paper, we consider bivari- 
ate polynomials P(x,y) over the rings Z, when n 4 2“. Based on preliminary numerical 
computations, we give complete results for linear and quadratic polynomials. Rivest’s result 


holds in the linear case while there are plenty of counterexamples in the quadratic case. 


Key Words: Permutation polynomials, Latin squares, Orthogonal Latin squares, Ortho- 


morphisms. 
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§1. Permutation Polynomials 


A polynomial P(x) = ap +aia+...... +agx is said to be a permutation polynomial over a finite 
ring R if P permutes the elements of R. R. Lidl and H. Niderreiter [2] have described various 
types of permutation polynomials over finite fields Fj. Lidl and Mullen [3], [4] gave a survey of 
various possibilities of polynomials over finite fields as permutation polynomials and also gave 
the applications of these permutation polynomials. Rivest [6] has considered the class of rings 
Zn, where n = 2” to study the permutaion polynomials. He derived necessary and sufficient 
conditions for a polynomial to be a permutation polynomial over Z,,, where n = 2, in terms 
of the coefficients of the polynomials. The following is from [6]: 


Theorem 1(Rivest) Let P(x) = ag+air+......+aax" be a polynomial with integral coefficients. 
Then P(x)is a permutation polynomial modulo n = 2”, w > 2, if and only if a, is odd and both 
(a2 +44. ) and (a3 + a5 +...... ) are even. 


Also, Rivest gave a result about bivariate polynomials P(x, y) giving latin squares modulo 
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n = 2” ,w > 2. The following result is also from [6]: 


Theorem 2(Rivest) A bivariate polynomial P(x,y) = D>; , aijx'y! represents a Latin square 


tJ 
modulo n = 2”, where w > 2, if and only if the four univariate polynomials P(x,0), P(x, 1), P(0, y) 


and P(1,y) are all permutation polynomials modulo n. 


§2. Latin squares 


A Latin square of order n is an n x n array based on some set S of n symbols, with the property 
that every row and every column contains every symbol exactly once. In other words, every 
row and every column is a permutation of S. Since the arithmetical properties of symbols are 
not used, the nature of the elements of S' is immaterial. An example of a Latin square of order 
4 is shown below. 


Two Latin squares A and B of the same order are said to be equivalent if it is possible 
to reorder the rows of A, reorder the columns of A, and/or relabel the symbols of A in such a 
way as to produce the square B. A partial Latin square of order n is an n x n array in which 
some cells are filled with the elements of some n-set while others are empty, such that no row 
or column contains a repeated element. A Latin rectangle of size k x n is ak x n array with 
entries from S = {0,1,2....,2 — 1} such that every row is a permutation of S and the columns 
contain no repetitions. 
The following theorem is proved in [7]: 


Theorem 3 If A is ak xn Latin rectangle, then one can append (n—k) further rows to A so 


that the resulting array is a Latin square. 


If L is Latin square of order s and n > 2s, then there is a Latin square of order n with L 
as a subsquare [7]. Starting from a partial Latin square of order n, it is possible to complete it 


to a Latin square of order n, see [5]. 


Theorem 4 A partial Latin square of order n with at most n —1 filled cells can be completed 


to a Latin square of order n. 


Two Latin squares of order n are called orthogonal if each of the n? ordered pairs (0,0), ., (n— 
1,n — 1) appears exactly once in the two squares. A pair of orthogonal Latin squares of order 
4 is shown below. 
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A Latin square is called self-orthogonal if it is orthogonal to its own transpose.Latin squares 
and orthogonal Latin squares have been extensively studied since Euler considered it first in 
1779. Euler knew that a pair of orthogonal Latin squares of order n existed for all odd values of 
n and all n = 0(mod4). Euler went on to assert that no such pairs exist for n = 2(mod4), this 
was known as Fuler’s conjecture for 177 years until it was suddenly and completely disproved 
by Bose, Parker and Shrikhande. Indeed, the only exceptions are n = 2,6 and for all other 
values, pairs of orthogonal Latin squares exist [5]. Recently, G. Appa, D. Magos, I. Mourtos 
gave an LP-based proof that there is no pair of orthogonal Latin squares of order 6 (see [1]). 


Rivest [6] considered such polynomials modulo n = 2”, where w > 2 and showed that 
orthogonal pairs of Latin squares do not exist [6]. Here we have considered them modulo n, n 4 
2” and to our surprise, found that there are many examples of orthogonal pairs of Latin squares. 
Based on preliminary computations, if n 4 2”, we have found that a bivariate polynomial 
can fail to form a Latin square even when these 4 univariate polynomials are permutation 
polynomials. In a Latin square determined by P(x, y), values of P(x,0), P(az,1) , P(0,y) and 


P(1,y) are given by the entries of first two columns and first two rows. 


Theorem 5 A bivariate linear polynomial a+ bx + cy represents a latin square over Z, if and 


only if one of the following equivalent conditions is satisfied: 


(i) both b and c are coprime with n; 


(it) a+ba, a+cy, (at+c)+ba and (a+b) +cy are all permutation polynomials modulo n. 


Proof For linear polynomials over any Z,,we can observe that a+ br + cy forms a Latin 
square if and only if a+ bz, a+ cy, (a+c) + ba, (a+ b) + cy are permutation polynomials. 
This is because, whenever 6 and c are both co-prime with n, all those 4 polynomials will be 
permutation polynomials and in those cases we can fill all the entries of the Latin squares by 
just looking at first row and first column. As these are all distinct elements in the first row 


and column, and polynomial ba + cy having only two terms, the entries are got by just adding 


a(mod n) to all entries of bx + cy. So Rivest’s result holds in the linear case. 


Quadratic case: We also tried to characterize quadratic bivariate polynomials in this way. If 
a polynomial P(x, y) represents a Latin square, then our 4 polynomials P(x,0), P(x,1) , P(0,y) 
and P(1, y) will be obviously permutation polynomials, as they form the first two rows and first 
two columns of the Latin squares. However, to our surprise, many quadratic polynomials failed 
to form Latin squares, even though the 4 polynomials P(x,0), P(x,1), P(0,y) and P(1,y) are 
permutation polynomials. The number of such polynomials over different rings Z, are shown 
below. 
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Ring No. of polynomials Examples 
Ze 48 1+ 5a@ + 2y + 2ry + 3y? 
27 1,050 cuty+xry 
Z9 4,374 etyt+ayt+3y? 
Z10 1,440 9x + Dy + 8xry 
Zi 8,910 10z + 10y + 10zry 
Z12 768 7x + Ty + 10xy + 6x? + 6y? 
213 1,8876 127 4 12y 4+ l2zry 
Z14 8,400 13a 4+ lly + 6ry 
Z15 3,720 8a + 1l4y + l4ary 


However, there are plenty of quadratic bivariate polynomials which do form Latin squares. 
But we are not able to characterize them using the permutation behavior of the corresponding 
univariate polynomials. From the data collected, we observed that in all cases where P(z, y) 
formed a Latin square, the cross term xy was always absent. Hence we could formulate and 
prove two interesting results. 

However, we need an interesting fact regarding orthomorphisms in proving the theorem. 
The definition as well as proof of the theorem quoted are given in the well-known text of J.H.Van 
Lint and R.M.Wilson, A Course in Combinatorics, chapter 22, page 297. 


Definition 2.1 An orthomorphism of an abelian group G is a permutation o of the elements 


of G such that «+> o(a) — x is also a permutation of G. 


Theorem 6 If an abelian group G admits an orthomorphism, then its order is odd or its Sylow 


2-subgroup is not cyclic. 
We are now ready to state and prove the main results of this paper: 


Theorem 7 If P(x,y) is a bivariate polynomial having no cross term, then P(x,y) gives a 


Latin square if and only if P(x,0) and P(0,y) are permutation polynomials. 


Proof P(x,0) is the first column of the square and P(0,y) is the first row. If P(a,y) = 
f(x)+g(y), looking at first row and column, we can complete the square just as addition modulo 


n (which is a group). So, P(x, y) will be a Latin square. 


Theorem 8 Let n be even and P(x,y) = f(z)+9(y)+2y be a bivariate quadratic polynomial, 
where f(a) and g(x) are permutation polynomials modulo n. Then P(x, y) does not give a Latin 


square modulo n. 


Proof We assume that n is even and greater than 2. If f(a) is a permutation polynomial 
then f(z) +k is also a permutation polynomial. So, we can assume that k = 0.Now f(x) + g9(y) 
always represents a Latin square whenever f(x) and g(y) are permutation polynomials, by the 
last theorem. When x = c, the cth row entries will be P(c,0), P(c, 1), ...... P(c,n-1). ie, f(o)\+ 
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g(0) +0, f(c) +91) +e, f(c) +.9(2) + 2c, «0... ,f(e)+g(n—1)4+ (n—1)cLet f(c) = 0, a constant. 
Then, 6+0,0+¢,...... ,0+(n—1)c will be a permutation of {0,1,...... ,n—1} if g.c.d.(n,c) = 1. 
So, let c be such that g.c.d.(n,c) = 1 Without loss of generality, we may ignore the constant 0 
in the sequence.Also g(0), g(1),.....,g(m — 1) is some permutation of {0,1,...,2—1}. The sum 
of these two permutations fails to be a permutation of Z,,, since there are no orthomorphisms 
of Z, as n is even. Hence the cth row contains repetitions and P(x, y) does not represent a 


Latin square. 


In case of some bivariate polynomials, the resulting squares will not be Latin squares. But 
we can get a Latin square of lower order by deleting some rows and columns in which entries 
have repetitions.Obviously, number of rows and columns deleted must be equal. For example, 


the polynomial 5a + 2y + 2xy + 3y? over Ze will not form a latin square as shown below. 


The third and sixth rows as well as columns contain repetitions . In these rows and columns 
we see only the entries 1 and 4. Deleting these two rows and columns, we get a square of order 
4 x 4, which is a Latin square over the set {0, 2,3, 5}. 


Similarly, the bivariate P(x, y) = 9x + 9y + 8xy over Zio will give a 10 x 10 square which 
can be reduced to a Latin square of order 8 x 8 after deleting 2 rows and 2 columns, having 
only the entries 3 and 8. 


P(2,y) for all odd y 
Y= 
for all even y 


P(7,y) for all odd y 
YW 
for all even y 


Similar expressions hold for P(x, 2) and P(x,7), because P(x, y) is asymmetric polynomial. 
So we delete the rows and columns corresponding to both x and y equal to 2 and 7. 
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Rivest [6] proved that no two bivariate polynomials modulo 2”, for w > 1 can form a pair of 
orthogonal Latin squares. This is because all the bivariate polynomials over Z,, where n = 2”, 
will form Latin squares which can be equally divided into 4 parts as shown below, where the 
n/2 x n/2 squares A and D are identical and n/2 x n/2 squares B and C are identical. 


So, no two such Latin squares can be orthogonal. 
But we do have examples of bivariate polynomials modulo n 4 2, such that resulting 


Latin squares are orthogonal. The two bivariate quadratic polynomials 6a? + 3y? + 32y+a+5y 


and 3x? + 6y? + 6ry + 4x + Ty give two orthogonal Latin squares over Zg. Also, 2 +4y+ 32y is 
a quadratic bivariate which gives a Latin square orthogonal to Latin square formed by 6x? + 
3y? + 38ay + x + Sy over Zo. 


Latin square formed by Latin square formed by 


6x? + 3y? + 82y +a + 5y 3a? + 6y? + Gry + 4x + Ty 


We have found many examples in which the rows or columns of the Latin square formed 
by quadratic bivariates over Z,, are cyclic shifts of a single permutation of {0,1,2,.....,2— 1}. 
If two bivariates give such Latin squares, then corresponding to any one entry in one Latin 
square, if there are n different entries in n rows of the other Latin square, then those two Latin 
squares will be orthogonal. For instance, in the above example, the entries in the second square 
corresponding to the entry 0 in the first square are 0,8,7,6,5,4,3,2,1. The rows of the first square 
are all cyclic shifts of the permutation (0,8,4,6,5,1,3,2,7), not in order. Also the columns of the 
second square are the cyclic shifts of the permutation (0,7,2,3,1,5,6,4,8), not in order. We have 


listed below the number of quadratic bivariates that form Latin squares over Z,,, for 5 <n < 24. 
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number of quadratic bivariates number of quadratic bivariates 


(with constant term = 0) (with constant term = 0) 


forming Latin squares forming Latin squares 


ele] Re 
NI | D |] Ot 


OPwol weywlT_ wnfr 
EelPwolmefsrelo|]o 


Ea 
16 
Ea 
19 | 
20 | 
Ey 
Ej 
EI 
EX 


The following have been noted from the extensive computations carried out on a Personal 


Computer: 


If we write a quadratic bivariate P(x, y) = aiox% + aory + auixy + azo? + agoy”, then the 
numbers in the above table can be explicitly given as the possible choices for the coefficients in 
P(a,y). We can clearly observe that if P(x, y) forms a Latin square then P(y, x) will form the 


Latin square which is just a transpose of the former. 


In Zp, there are 972 quadratics with constant term zero, forming Latin squares. These 
polynomials have the coefficients aio and ao; from the set {1,2,4,5, 7,8}, coefficients agq and 
ao2 from the set {0,3, 6} and the coefficient aj; from the set {0,3,6}. So,there are 6 choices for 
both aio and ao 1, and 3 choices for each of the coefficients a29, a@p2 and aj,. So, the number of 
such polynomials is equal to 6 x 6 x 3 x 3 x 3 = 972. Also we observe that in the case of Z, 
where n is a prime or a product of distinct odd primes, the coefficients of x”, y? and zy are all 
zero. So, in these type of rings we find the number of polynomials that yield Latin squares is 
k?, where k is the number of possible coefficients of 2 and y. When n is a prime number, all 
n — 1 nonzero elements of Z,, occur as coefficients of both x and y. When n is a product of 
distinct odd primes, then all the y(n) nonzero elements of Z,, which are coprime with n occur 


as as coefficients of both x and y. 


We tabulate a few cases below: 


n number of P(x,y) set of possible values of aio and ao, 
3 4= 2? faot 

5 16 = 42 {1,2,3,4} 

7 36 = 6° {1, 2,3, 4, 5, 6} 


io 100 = 10? {1,2,....10} 
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n number of P(x,y) set of possible values of aio and a1 


13. 144=12? {1 Decl} 

15 64=8 {1,2,4, 7,8, 11,13, 14} 

17 256 = 16? (i021 S16} 

19 324=18? (1,9. 8} 

21 144= 12? {1,2,4,5,8, 10, 11, 13, 16,17, 19, 20} 
23 484 = 22? 1 1,30.0)999) 


From the above table we can see that the number N of bivariate quadratic polynomials 
P(x, y) with constant term zero which yield Latin squares is given by N = (y(n))?, if n is a 


7 


prime or product of distinct odd primes. 


§3. Conclusion 


We have examined Rivest’s results when n 4 2”. A computational study, though on a small 
scale, has revealed lot of surprises. The bivariate permutation polynomials producing Latin 
squares do not seem to depend on the behavior of the corresponding univariate polynomials. 
Several pairs of orthogonal Latin squares are obtained through Latin squares got via permuta- 
tion polynomials. It would be interesting to know the relation between the coefficients of the 
polynomials and the relation to the Latin squares and if possible get an expression for their 
number in terms of the prime decomposition of n. Also, the cubic and higher degrees seem to 
be much more challenging and will be taken up for later study. 
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Abstract: In [1] Acharya and Sampathkumar defined a graphoidal cover as a partition of 
edges into internally disjoint (not necessarily open) paths. If we consider only open paths in 
the above definition then we call it as a graphoidal path cover [3]. Generally, a Smarandache 
graphoidal tree (k, d)-cover of a graph G is a partition of edges of G into trees T,,T2,--- ,T) 
such that |E(T;)NE(Z;)| < & and |T;| < d for integers 1 < i,j <1. Particularly, if k = 0, then 
such a tree is called a graphoidal tree d-cover of G. In [3] a graphoidal tree cover has been 
defined as a partition of edges into internally disjoint trees. Here we define a graphoidal 
tree d-cover as a partition of edges into internally disjoint trees in which each tree has a 
maximum degree bounded by d. The minimum cardinality of such d-covers is denoted by 
(4). Clearly a graphoidal tree 2-cover is a graphoidal cover. We find a? (G) for some 
standard graphs. 


Key Words: Smarandache graphoidal tree (k,d)-cover, graphoidal tree d-cover, 


graphoidal cover. 


AMS(2000): 05C70 


§1. Introduction 


Throughout this paper G stands for simple undirected graph with p vertices and q edges. For 
other notations and terminology we follow [2]. A Smarandache graphoidal tree (k, d)-cover of G 
is a partition of edges of G into trees T;,T>,--- ,T; such that |E(T;) 0 E(T;)| < & and |Tj| <d 
for integers 1 < 1,7 <1. Particularly, if k = 0, then such a cover is called a graphoidal tree 
d-cover of G. A graphoidal tree d-cover (d > 2) ¥ of G is a collection of non-trivial trees in G 
such that 


(i) Every vertex is an internal vertex of at most one tree; 
(ii) Every edge is in exactly one tree; 
(iit) For every treeT € F,A(T) <d. 
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Let Y denote the set of all graphoidal tree d-covers of G. Since E(G) is a graphoidal tree 
d-cover, we have ¥ # 9. Let y(@) = ae | #|. Then 9 (G) is called the graphoidal tree 
Es 


d-covering number of G. Any graphoidal tree d-cover of G for which |_Y%| = ya) is called a 
minimum graphoidal tree d-cover. 

A graphoidal tree cover of G is a collection of non-trivial trees in G satisfying (2) and 
(it). The minimum cardinality of graphoidal tree covers is denoted by yr(G). A graphoidal 
path cover (or acyclic graphoidal cover in [5]) is a collection of non-trivial path in G such that 
every vertex is an internal vertex of at most one path and every edge is in exactly one path. 
Clearly a graphoidal tree 2-cover is a graphoidal path cover and a graphoidal tree d-cover ( 
d >A) is a graphoidal tree cover. Note that yr(G) < y(@ for all d > 2. It is observe that 
y(G) > A-d41. 


§2. Preliminaries 


Theorem 2.1([4]) yr(Kp) = [4]. 
Theorem 2.2([4])  yr(Knn) = [#1]. 


Theorem 2.3((4]) [fm <n < 2m-—3, then yr(Kmn) = [4£*]. Further more, ifn > 2m-3, 
then yr(Kmn) =m. 


oly 


Theorem 2.4([4]) yr(Cm x Ch) =3 if m,n > 3. 


Theorem 2.5([4]) yr(G) < [4] if 6(G) = &. 


§3. Main results 


We first determine a lower bound for yr(d)(G). Define ng = re ng, where Yq is a collection 
€Ga 


of all graphoidal tree d-covers and n v is the number of vertices which are not internal vertices 


of any tree in Z. 


Theorem 3.1 For d> 2, yr(d)(G) > q- (p—na)(d— 1). 


Proof Let VW be a minimum graphoidal tree d-cover of G such that n vertices of G are not 
internal in any tree of W. 

Let & be the number of trees in W having more than one edge. For a tree in VW having more 
than one edge, fix a root vertex which is not a pendant vertex. Assign direction to the edges of 
the k trees in such a way that the root vertex has in degree zero and every other vertex has in 
degree 1. In W, let J; be the number of vertices of out degree d and lz the number of vertices of 
out degree less than or equal to d— 1 (and > 0) in these k trees. Clearly J; + lz is the number 
of internal vertices of trees in V and so 1; + l2 = p—n. In each tree of WV there is at most one 
vertex of out degree d and so 1; < k. Hence we have 
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Corollary 3.2 ya) >q-—p(d—1). 


Now we determine graphoidal tree d-covering number of a complete graph. 


Theorem 3.3 For any integer p > 4, 


OK.) = pee if d< 
a ee p p 
Proof Let d > &. We know that yO (Kp) > yr(Kp) = [§] by Theorem 2.1. 


Case (i) Let p be even, say p = 2k. We write V(K,) = {0,1,2,---,2k— 1}. Consider the 
graphoidal tree cover .Y; = {T),T2,--- ,Tx}, where each T; (i = 1,2,---,k ) is a spanning 
tree with edge set defined by 


U {(k+%1-1,s):s = j(mod2k),j =i+k,i+k+1,---,i+2k— 2}. 
Now | f1| =k = §. Note that A(T;) =k < d for i =1,2,--- ,k and hence yr(d)(Kp) = [4]. 


Case (ii) Let p be odd, say p = 2k +1. We write V(K,) = {0,1,2,---,2k}. Consider the 
graphoidal tree cover Yo = {T),T2,--- ,Tk+41} where each T; (i = 1,2,---,k ) is a tree with 
edge set defined by 


E(T;) = {@-l1,j):7 =t,t4+1,---,i+k-1} 
U {(k+i-1,s):s=j(mod2k+1),j =i+k,it+k4+1,---,i+2k—-1}. 


E(Tx +1) = {(2k, 7) ig = 0,1,2,- aes + ne 
Now | %2| =k = §. Note that the degree of every internal vertex of J; is either k or k +1 
and so A(T;) < d, i=1,2,--- ,k +1. Hence y{(K,) = [8] ifd> 8. 
Let d < §. By Corollary 3.2, 


P(p—1 p(p—2d+1 
OK) 2 a+ ppd = PREY 4p pq = PPP) 


Remove the edges from each T; in .Y; ( or Y2 ) when p is even (odd) so that every internal 
vertex is of degree d in the new tree T/ formed by this removal. The new trees so formed 
together with the removed edges form (f3. 
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If p is even, then ,%3 is constructed from _Y%; and 


2k(2k — 1 —2d+1 
| £3) =k+q—k(2d-1) =k4 ek ) _ R(2d— 10 = (2k — 2d + 1) = PEPE 
If p is odd, then ,Y3 is constructed from Yo and 
2k(2k + 1) p(p — 2d + 1) 


| Z3| = k+1+q—k(2d—1)—d = k+14+ 


2kdt+k—d = (2k+1)(1+k—-d) = 


2 2 


Hence 1 (K,) = Pipt i= 2d) 


The following examples illustrate the above theorem. 


Examples 3.4 Consider Kg. Take d= 3 = § and V(Ke6) = {vo0, U1, v2, U3, U4, U5}. 
0) U1 U2 
V4 U5 
U3 
V2 
Uv Uv 
VI v2 3 3 U4 
U4 U5 U5 (20) VO U1 
Fig. 1 


Whence 12) (Ke) = 3. Taked=2< §. 


m0 U1 U4 V2 U5 


we U2 Vo UB 
U U 
V2 U3 U3 4 VA 5 
UL U5 v2 VO U3 U1 
U5 vO 


U4 


Fig.2 
Whence 7) (Ke) = §(6+1-2x 2) =9. 


Consider K7. Take d= 4 = [4] and V(K7) = {vo0, 11, v2, v3, U4, Us, V6 - 
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vO U1 v2 UG 
v3 V4 U5 
Vv Vv Vv 
v1 v9 2 3 U3 U4 Vo 1 v2 
V4 U5 V6 U5 U6 VO V6 Vo V1 
Fig.3 
4 
Whence, a) =4= [§]. Now take d= 3 < [4]. 
Vv Vv 
a : es: U6 Ue V4 U5 
v3 V4 U5 
) Vv v vu 7) 
V1 v9 2 3 3 U4 0 1 v2 v3 U9 U1 
V4 U5 U5 U6 V6 VO 
Fig.4 


Therefore, 4) (K7) = 4(7+1-2x 3) =7. 


We now turn to some cases of complete bipartite graph. 


Theorem 3.5 If n,m > 2d, then 1 (Km) =p+q—pd=mn-—(m-+n)(d—1). 


Proof By theorem 3.2, 9 (Kmn) >pt+q-—pd =mn—-(mt+njd+m-+n. Consider 
G = Kod,2d- Let V(G) = Xy1 U Yi, where Xy = {x1,22,°- a , L2a} and Yi = {y1, 2, ge , Y2a}- 
Clearly deg(x;) = deg(y;) = 2d, 1 <i,j < 2d. For 1 <i < d, we define 


T; = {(vi,yj): 1 <9 < dh, Tayi = {(tita, yj): d+1< 7 < 2d} 
Toa+i = {(yi, tj): d +1 <9 < 2d} and Tayi = {(Yita, 23) 21 <j < dh. 


Clearly, % = {T1,T2,--- , T1a} is a graphoidal tree d-cover for G. Now consider Km.n,m,n = 
2d. Let V(Kinn) = X UY, where X = {21,%2,:--,U%m} and Y = {yi,y2,--: , Yn}. Now 
for dd +1 < i < 4d+m-— 2d = m+ 2d, we define T; = {(ti-2a,y;) : 1 < 9 < dh. 
Form. -2d 1-4 mien, we-défine Ty = [Gjom, 23) 01 <p dg}. Then = 
{T, To, gene » La, Taa-+1; mse » Im+2ds Tm+2d+15 ae saat U {E(G) = [E(T;) a < a <m+ n|} is 
a graphoidal tree d-cover for Ky. Hence |_4"| = p+q-—pd and so ¥? (Kmn) <pt+q-pd= 
mn — (m+n)(d—1) for m,n > 2d. 


The following example illustrates the above theorem. 


Example 3.6 Consider gio and take d = 4. 
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INININGIN 


nm yy wm yo yt im ye ys? m1 yo ys “* Ys Yo Yr 


ININIINGIN 


Y¥5 Ye Y7 ie Ys Ye G7 Lg L5 U6 L7 Xs 


ININDNINDS 


L4 £1 LQ 13 2 
5 26 @7 8 Ly Xo U3 L4 LT, Lg Ly “4 V1 V2 3 M4 


¥8 Y9 Y10 Yo Yo Yo Y9 Y10 Y10 Y10 Y10 


/K\ IN 


TZ %2Q2 %3 XA TL XQ UZ U4 V1 XQ LZ U4 UT 6 U7 Ug L5H VE L7 Vg 


Fig.5 
Whence, 7 = 18 + 80— 18 x 4 = 26. 


Theorem 3.7 y (Koa 12d-1) =p+q-—pd=2d-1. 


Proof By Theorem 3.2, 7 (Koa—1,24-1) > p+q—pd = 2d—-1. For1<i<d-1, we 
define 


T; = {(@i,y;)) : 15 9 <a} UL, eay5) 1 <7 Sd—1U{ (wats, yary) 1S 9 < d—1}. 


Let Ty = {(ta, yj): 1 <9 < db} U{(ya, a4j;) :1 <7 < d—-—1}. Ford+1<i< 2d—-1, we 
define T; = {(yi, vj): 1 <j < d}. Clearly Y = {T),To,--- , Toa—i} is a graphoidal tree d-cover 
of G and so 


(GQ) < 2d —1 = (2d — 1)(2d — 1 - 2(d-1)) =q + p— pa. 


The following example illustrates the above theorem. 


Example 3.8 Consider Ko 9 and d= 5. 
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Y2 Y3U4 Y5 Y1Y3Y4Y5  YiY2Yays YiY2Y3Y5 = Y1Yy2y3 Ya 


Beal X2 x3 L4 U5 
<9 <9 v9 r6 
Y1 rs Y2 Eg Y3 Le Yas rg 
L7 r6 x7 r7 
r6 
x7 v8 v9 U5 


Ye Y7¥8 Yo Yo Y7Y8 YO YEYTY8Y9 YeYT7TY8Y9 Te T7TgXg 
U¥6 U7 ¥8 Y9 


Ly LQX%3 L4 Ly %Q2 U3 4 LX, XQ UZ TH UX XQ UW UM 


Fig.6 
Thereafter, 7°) (Ko,9) = 81 +18 —90 = 9. 


Lemma 3.9 WS? (K3r,3r) < 2r, whered > 2r andr >> 1. 
Proof Let V(K3r,3r) = X UY, where X = {21,%2,-++ ,%3r} and Y = {y1, y2,-+- , yar}. 


Case (7) r is even. 


For 1 <s <r, we define 


T; = {(£s,Ys+i) :0<icr— 1} U {(Xs, Yor+s) } U {(2rtes ores) i U {(Yar+s,Tar+s)} 
Uo {(@i, Yor¢s) : 1 Sis riF shu (tris, ys) rts <i< 3r,iF 2r+s} 
U {(trps, yi): 1<i<s—1,s41} 
and 


Tres = {(Ys, Esti): 1S tS r}U {(ys, args)} U {(Yrts, Tarts) } 
U {(yi; tarps): 1 <i<riAs,2r+1<i<3rif 2r+s} 
UU {(Y4es, ti): r+stl<is3r1<i<s,i4 2r+s}. 


Then 7, = {T1,T2,--- , Tor} is a graphoidal tree d-cover for K3,,3,, A(T;) < 2r and d > 2r. 


So we have, YS (i¢3p,3r) <2r. 


Case (ii) r is odd. 
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For 1<s <r, we define 
Ts = {(@s,Ys¢i):0<t< 2r—-1}U{(yrss, vi): r +1 <i<3rniArt+s} 
Uo {(ter4s, Yi): 2r+8 <i < 3r}U {(ter4s, yi): 1<i<s—1,s41} 
Trts = {(Ys,¥s+i): 1 <i < Qr}U {(arys, yi): 2r +1 <i < 38r;t=r4+s} 
Uo {(Yorgs, i): 27+ 5841 <1 < 38r,sArkU {(Yorgs, vi): 1<i< sh}. 
Clearly A(T;) < 2r for each i. In this case also 2 = {T1,T2,--- , Tor} is a graphoidal tree 
d-cover for K3,,3, and so yi \Kege a) < 2r when r is odd 


The following example illustrates the above lemma for r = 2,3. Consider K6¢ and Kg 9 


Y v3 Y2 
7, “\n v3 LA 
v5 v6 
Y1 
Y¥3 
v2 5 X te Y2 
ran MN Y6 ys 44 
¥3 Ye Yi 
uae ves TZ, LA LE Ly XQ U5 
Fig.7 
Y1 1 Y¥6 ¥3 x3 ¥8 
ce f Y5 ae Y4 n U7 
¥3 
x9 U5 
v5 rz rg Bas) 
C7 
v6 XA rs 
W ¥8 Y9 
v2 Y x7 v3 Y2 vs L4 ¥3 x9 
X6 
@3 a Ws TO mg ng 8 
Yo 
Yo 
in an ye Ys 
£8 x9 Ly 


Ly v2 x9 


Fig.8 
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Theorem 3.10 9 (Kn.n) = [22] ford > [#] andn > 3. 


Proof By Theorem 2.2, [22] = y7(Knn) and yr(Knn) < y (Knn)s it follows that 


yo (Kn) > [#2] for any n. Hence the result is true for n = 0(mod3). Let n = 1(mod3) so 
that n = 3r+1 for some r. Let 4; = {T],T5,--- ,T3,} be a minimum graphoidal tree d-cover 


for K3,,3r as in Lemma 3.9. For 1 <7 <r, we define 


T; = T; VU {(%i, yarti)}, 
Tei = Ts U {(Yis £3r41) } and 
Toray = {(@3r41, Yrgs) 1 St < 2r +1} U {(ygrai, trys) 2 1 <a < Qr}. 


Clearly Y2 = {Ti,T,--: ,Tar41} is a graphoidal tree d-cover for K3r41,3r41, as A(Z;) < 
2r4+1= [22] < d for each i. Hence yo (Kn) a AO CE issn ea) <2r+1= [24]. 
Let n = 2(mod3) and n = 3r+2 for some r. Let ,%3 be a minimum graphoidal tree d-cover 


for K3r41,3r+1 as in the previous case. Let Y3 = {T1,T2,--- ,Tor4i}. For 1<i<-r, we define 


T; = 7; U {(xi, yar+a)}, 
Trg = Troe U {(yi, tar+2)}, 


/ 
Top41 = Tor+1, 


Torte = {(3r42,Pr¢i) : 1 St < 2+ 2}U {(ysr+2, Pr4i) 1 <i < Qr+ Lf. 


Clearly, Ya = {T],T3,--- , 13,42} is a graphoidal tree d-cover for K3,+42,3r42, as A(T/) < 
2r+2 = [22] <d for each i. Hence 9 (Knn) = YO (Karg23r¢2) < 2r $2 = [=#]. Therefore, 
a aa) = [=] for every n. 


Now we turn to the case of trees. 


Theorem 3.11 Let G be a tree and let U = {v € V(G): deg(v) —d> 0}. Then y(@ = 
> xu(v)(deg(v) — d) +1, where d > 2 and xu(v) is the characteristic function of U. 
vEV(G) 


Proof The proof is by induction on the number of vertices m whose degrees are greater 
than d. If m = 0, then Y = G is clearly a graphoidal tree d-cover. Hence the result is true 
in this case and ya) = 1. Let m> 0. Let u € V(G) with degg(u) =d+s(s>0). 
Now decompose G into s + 1 trees Gi, G2,--- ,Gs,Gs41 such that degg,(u) = 1 for l <i<s, 
degg,,,(u) = d. By induction hypothesis, 


(4G) = Ss (degg, -d) +1=k;, 1<i<s4+l. 
dega,(v)>d 


Now Y; is the minimum graphoidal tree d-cover of G; and |_Y;| = ki for 1 <i<s+1. 


Let J = fu fou-:-U Zo41. 

Clearly Y is a graphoidal tree d-cover of G. By our choice of u, u is internal in only one 
tree T of Y. More over, degr(u) = d and degg,(v) = degg(v) for v  u and v € V(G;) for 
1<i<s+l1. Therefore, 
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s+1 s+l1 
Ww < IFl= R=] YD Gega@)- a) +1 
i=1 t=1 | dega,(v)>d 
s+l1 
- S- S- (dega,(v) —d)} +s+1= S- (dege(v) —d)+5+1 
t=1 | dega,(v)>d dega(v)>d,uZ~u 
= S> (dega(v) — d) + (degc(u) -—d)+1= So (dega(v)—d) +1 
dega(v)>d,uZ~u dega(v)>d 
= S° xw(v)(dega(v) - d) +1. 
veEV(G) 


For each v € V(G) and degg(v) > d there are at least degg(v) — d+ 1 subtrees of G 


in any graphoidal tree d-cover of G and so y(@) > So (dege(v) — d) + 1. Hence 
dega(v)>d 


WEG = YL xu(v)(dege(v) — a) +1. 
vEV(G) 


Corollary 3.12 Let G be a tree in which degree of every vertex is either greater than or equal 
to d or equal to one. Then y@ = m(d—1)—p(d—2)—1, where m is the number of vertices 


of degree 1 andd> 2. 


Proof Since all the vertices of G other than pendant vertices have degree d we have, 


Wo = S* xu(v)(dego(v) -d)+1= S° xu(v)(dega(v) — d)+md-m+1 
vEV(G) vEeV(G) 


= 2qg—dp+md—m+1=2p—2-—dp+md—m-+1 (asq=p-—1) 


Recall that ng = 2 ng andn= poe ng, where % is the collection of all graphoidal 


tree d-covers of G, ¥ is the collection of all graphoidal tree covers of G and n_y is the number 
of vertices which are not internal vertices of any tree in Y%. Clearly ng =n if d> A. Now we 
prove this for any d > 2. 


Lemma 3.13 For any graph G, ng =n for any integer d > 2. 


Proof Since every graphoidal tree d-cover is also a graphoidal tree cover for G, we have 
n< nq. Let Y = {T),T2,---,Tm} be any graphoidal tree cover of G. Let U; be a minimum 


graphoidal tree d - cover of T; (i =1,2,---,m). Let UV = LJ U;. Clearly W is a graphoidal tree 


i=1 
d-cover of G. Let ny be the number of vertices which are not internal in any tree of V. Clearly 
ny =n y. Therefore, nq < nw =n y for Y € Y, where F is the collection of graphoidal tree 


covers of G and so ng < n. Hence n = ng. 


We have the following result for graphoidal path cover. This theorem is proved by S. 
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Arumugam and J. Suresh Suseela in [5]. We prove this, by deriving a minimum graphoidal 
path cover from a graphoidal tree cover of G. 


Theorem 3.14 4) (G) =q-—ptne. 


Proof From Theorem 3.1 it follows that >?) (G) >q—ptny. Let Y be any graphoidal 
tree cover of Gand Y = {T),To,--- ,T,}. Let U; be a minimum graphoidal tree d-cover of T; 
(i = 1,2,--- ,k). Let m; be the number of vertices of degree 1 in T; (i = 1,2,--- ,k). Then by 
Theorem 3.12 it follows that 9) (T;) =m, —1 for alli = 1,2,--- ,k. Consider the graphoidal 


k 
tree 2-cover WV ¢ = LU VW; of G. Now 
i=1 


k k 


k k k 
Eel => |v Yo(m - 1) = So m+ > a- don: 
w=1 w=1 t=1 


i=l i=1 


k k 
gS > ni ate Som. 
i=1 i=1 


Notice that 


k 


S "(numbers of internal vertices and pendant vertices of T;) 
i=1 


k 
Soi 
i=1 

k 
= p-ny + Som. 
i=1 


Therefore, |W ¢| = q—p-+n. Choose a graphoidal tree cover Y of G such that ng =n. 
Then for the corresponding V y we have |W g|=q-—p+n=q—p+nz, as ng =n by Lemma 
3.13. 


Corollary 3.15 If every vertex is an internal vertex of a graphoidal tree cover, then 4) (G) = 


q—Pp. 


Proof Clearly n = 0 by definition. By Lemma 3.13, no = n. So we have nz = 0. 


J. Suresh Suseela and S. Arumugam proved the following result in [5]. However, we prove 
the result using graphoidal tree cover. 


Theorem 3.16 Let G be a unicyclic graph with r vertices of degree 1. Let C be the unique 


cycle of G and let m denote the number of vertices of degree greater than 2 on C. Then 


2 if m=0, 
9G) =4 r+1l m=1, deg(v) >3 where v is the unique vertex of degree > 2 on C, 


r oterwise. 
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Proof By Lemma 3.13 and Theorem 3.14, we have 72) (G) = q—pt+n. We have q(G) = p(G) 
for unicyclic graph. So we have 4) (G) =n. If m = 0, then clearly 9G) = 2. Letm=1 
and let v be the unique vertex of degree > 2 on C. Let e = vw be an edge on C. Clearly 
JA = G-—e,e is a minimum graphoidal tree cover for G and son < r+ 1. Since there is a 
vertex of C’ which is not internal in a tree of a graphoidal tree cover, we have n = r+1. When 
m=1, 9?) =r+1. Let m> 2. Let v and w be vertices of degree greater than 2 on C’ such 
that all vertices in a (v, w) - section of C other than v and w have degree 2. Let P denote this 
(v, w)-section. If P has length 1. Then P = (v,w). Clearly YY = G — P, P is a graphoidal tree 


cover of G. Also n = r and so y2)(Q) =r when m > 2. Hence we get the theorem. 


Theorem 3.17 Let G be a graph such that y < 6(G) —d+1 (6(G) > d => 2). Then 
(G) =q—-p(d-1 
yp (G) = 4—-p(d—-1). 


Proof By Theorem 3.2, ye) > q—p(d—1). Let Y be a minimum graphoidal tree cover 
of G. Since 6 > yr(G), every vertex is an internal vertex of a tree in a graphoidal tree cover 
J - Moreover, since 6 > d+ d6r(G) — 1 the degree of each internal vertex of a tree in Y is > d. 
Let Y; be a minimum graphoidal tree d-cover of T; (1 = 1,2,--- ,k ). Let m; be the number of 
vertices of degree 1 in T; (i = 1,2,---,k ). Then by Corollary 3.12, for i = 1,2,--- ,k we have 


k 
Consider the graphoidal tree d-cover Vr = L) W; of G. 
i=1 


i= 


k k 
[Wr] = IU Yl = domila 1) = pile —2)= 1) 
k 


k k 
= de 1) So (mi = pi) + ya 
i=l i=1 
k 
= (d—1) 50 (mi — ms) Tq 
i=1 
Notice that 
k k 
a peoS S "(numbers of internal vertices and pendant vertices of T;) 
i=1 t=1 


I 


k 
w=1 
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Therefore, |r| = —(d—1)+q. In other words, ya) <q-—p(d—1). Hence, (G) — 
q—p(d—1) 


Corollary 3.18 Let G be a graph such that 6(G) = [|§| +k where k > 1. Then ye) - 
q—p(d—1) ford <k+1. 


Proof 6(G)-—d+1=[]+k—d+1> [4] > yr(G) by Theorem 2.5. Applying Theorem 
3.17, 1 (G) =4-p(d- 1). 


Corollary 3.19 Let G be an r-regular graph, where r > [4]. Then ye) =q-—p(d—1) for 
ee re aed 


Proof Here 6(G) =r and so the result follows from Corollary 3.18. 


Corollary 3.20 y (Kin) =q-—p(d—1), where2<d< aera and6<m<n<2m-—6. 


Proof Consider 


2m — —2 
Near: Se ae m n 1-3 ete 
m+n m+n 
= Lee; 3 ] = y7(Km,n) 


Hence by Corollary 3.18, y (Kin) =q-—p(d-1). 


Theorem 3.21 70 (Cm x Cn) =3 for d> 4 and y)(Cm x Cn) = 9 —D- 


Proof For d > A(G) = 4, a (Cm x Ch) = yr(Cm X Cn) = 3 by Theorem 2.14. Since 
b(Cm X Cn) = 4 and yr(Cm x Cr) = 3, we have yr(Cm x Cy) = 6(G) — d+ 1 when d = 2. 
Applying Theorem 3.17, 1?) (Cm x Cn) =q—D. 
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Abstract: A Smarandache k-orientation of G for an integer k > 0 is such an orientation 
on G with exactly k oriented cycles. If k = 0, then it is the common acyclic orientation. 
In C. Merino and D.J.A.Welsh, Forests, colourings and acyclic orientations of the square 
lattice, Annals of Combinatorics, 3 (1999), pp. 417 C 429, the following conjecture appears: 
If G is a 2-connected graph with no loops, then either the number of acyclic orientations or 
the number of the totally cyclic orientations of G is bigger than the number of spanning trees 
of G. In this paper we examine this conjecture for threshold graphs, which includes complete 
graphs, and complete bipartite graphs. Also we show the results of our computational search 


for a counterexample to the conjecture. 


Key Words: Smarandache k-tree, Smarandache k-orientation, Tutte polynomial, span- 


ning tree, acyclic orientation. 


AMS(2000): 05A15, 05A20, 05C17. 


§1. Preliminaries 


The graph terminology that we use is standard and we follow Diestel’s notation, see [7]. We 
consider throughout labelled connected graphs which may have loops and multi-edges. For a 
graph G we denote by V(G) its set of vertices and by E(G) its set of edges. We denote by G \ e 
the deletion of e from G and by G/e the contraction of e in G. 

A Smarandache k-tree 7" for an integer k > 0 is a connected spanning subgraph of a 
connected graph G with exactly k cycles. Particularly, if k = 0, ie., 7° is the commonly 
spanning tree which is a connected acyclic subgraph of G. A Smarandache k-orientation of G 
is such an orientation on G with exactly k oriented cycles for an integer k > 0. Particularly, a 
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Smarandache 0-orientation is the common acyclic orientation on G which contains no oriented 
cycle, and it is totally cyclic if every arc is part of an oriented cycle. When G is connected, the 
totally cyclic orientations correspond to the orientations which make G strongly connected. The 
number of spanning trees, acyclic and totally cyclic orientations of a connected G are denoted 
by 7(G), a(G) and a*(G), respectively. 


1.1 Tutte Polynomial 


As all the invariants mentioned here are evaluations of the Tutte polynomial, let us define it 
and rephrase the conjecture in this setting. 

The Tutte polynomial T(G; x,y) of a graph G in variables x,y is T(G;z,y) = 1 if G has 
no edges, otherwise for any e € E(G): 


R, T(G;2,y) = xT(G/e; x,y), whenever e is a bridge; 
R2 T(G;x,y) = yT(G \ e; x,y), whenever e is a loop; 
Rs T(G;2,y) =T(G\e;2,y)+T(G/e; x,y), otherwise. 


In other words, T may be calculated recursively by choosing the edges in any order and 
repeatedly using the relations RiC' R3 to evaluate T. The resulting polynomial T is well defined 
in the sense that it is independent of the order in which the edges are chosen, see [3]. 

When evaluating the Tutte polynomial along different curves and points we get several 
interesting invariants of graphs. Among them we have the chromatic and flow polynomials of a 
graph; the all terminal reliability probability of a network; the partition function of a Q-state 
Potts model. But here we are interested in the evaluations at the three points T(G; 1,1) = 7(G), 
T(G; 2,0) = a(G) and T(G;0,2) = a*(G). Further details of many of the invariants given by 
evaluations of the Tutte polynomial can be found in [21] and [5]. 


§2. Introduction 


In 1999, Merino and D.J.A. Welsh were working in the asymptotic behavior of the number of 
spanning trees and acyclic orientations of the square lattice Ln. They foresaw that 


lim (r(Zn)) 7 < lim (a(Ln))**. 
(the result was later proved in [6]). So, for some big N and alln > N, 7(Ln) < a(L,). They also 
checked this for some small values of n. No proof of the inequality r(Z,) < a(L,) for all n has 
been given yet. It is obvious that a(G) > 7(G) is not true for general graphs, like for example 
the complete graphs Kk, for n > 5, but it is true for the cycles C,, for all n. By considering the 
dual concept (more than the dual matroids, as it was important to stay in the class of graphic 
matroids), namely the quantity a*, they convinced themselves that a*(K,) > 7(Kp) for n > 5 
was true but did not prove it formally. This small piece of evidence was enough to pose the 


following 
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Conjecture 2.1 Let G be a 2-connected graph with no loops, then 
maz{a(G), a*(G)} > 7(G). 


The conjecture can be stated in terms of the Tutte polynomial: let G be a 2-connected graph 


with no loops, then 
max{T(G; 2,0),T(G;0,2)} > 7(G;1,1). 


First let us consider why the conditions are necessary. Even though the conjecture is true 
for trees, since 7(T;,) = 1 < 2” = a(T,), where T;, is a tree with n edges, in general we need 
the condition of G being 2-connected. Take two graphs G, and G2 with the properties that 
0 < a(Gi) < wr(G1), like Kg, and 0 < a*(G2) < yt (Ga2), like Cs, to have a couple of 
counterexamples. One, by taking two copies of G; and joining them by an edge; this new graph 
G3 has a bridge and it is such that a(G3) = 2a?(G1) < 7?(G1) = 7(Gi) and a*(G3) = 0. The 
other one, by attaching a loop to Gz to obtain G4; in this case a*(G4) = 2a(G2) < T(G2) = 
7(G4) and a(G4) = 0. Also, the conjecture can be strengthened in several ways. 


Conjecture 2.2 Let G be a 2-connected graph with no loops, then 
T(G; 2,0)T(G; 0,2) > T?(G;1, 1). 


If true, this conjecture would imply Conjecture 2.1. We denote the quantity T(G; 2,0)T(G; 0, 2) 
by 7(G). We use this conjecture for the class of threshold graphs. Another such strengthened 
is the following: 


Conjecture 2.3 Let G be a 2-connected graph with no loops, then 
T(G; 2,0) + T(G; 0,2) > 2T(G;1, 1). 


The interest in the conjecture goes beyond being an interesting combinatorial problem. As 
seen by Conjecture 2.3 the problem is a first step towards checking the convexity of the Tutte 
polynomial along the line from (2,0) to (0,2). Here is a rather more daring strengthening of 
the conjecture. 


Conjecture 2.4 Let G be a 2-connected simple graph with no loops, then T(G; x,y) is convex 
along the the line from (2,0) to (0,2). 


Our interest in the conjecture is in trying to understand the structure of the Tutte polynomials, 
in particular, we believe there is a combinatorial structure in the graph G corresponding to the 
evaluation along the segment x =1+t, y=1-—tfor—-1l1<t<1. 

This article tries to provide further evidence for the truth of Conjecture 2.1 to make it more 
plausible. The rest of the paper contains 3 more sections. In Section 3 we provide different 
classes of graphs which satisfy the conjecture. Then, we explain some experimental results that 
validate the conjecture for graphs with a small number of vertices. The final section contains 


our conclusions. 
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§3. Theoretical evidence of the conjecture 


Now, let us give some infinite families of graphs for which the conjecture is true. Evidently for 
the examples of cycles C,, we have that a*(C,,) = 2” —2 >n =7(C,,) for n > 2. By duality 


the conjecture is also true for the graphs P;’ with 2 vertices and n edges in parallel. 


independent set 


Fig.1 A threshold graph with w(G) = 7 Fig.2 The case of Lemma 3.3, ee 


3.1 Threshold graphs 


Threshold graphs are an important class of perfect graphs, see [16], and they can be considered 
a generalization of complete graphs with which they share many properties. A threshold graph 
is a simple graph G = (V, E) with V = {1,--- ,n} such that 


(1) for w(G) > 2, the clique number of G, we have that the first w(G) vertices of G induce a 
K. a) while the last n — w(G) vertices form an independent set; 

(2) for 1 <i<j<n, we have that N(j) C N(i), where N(i) denotes the neighborhood of i. 
Thus, a threshold graph is a complete graph K,,(q) to which we add n—w(G) simplicial vertices, 
one by one, preserving the nested neighborhood. Threshold graphs are a kind of chordal graph. 
Observe that, if G is not the complete graph, N(w(G) +1) C N(w(G)). 

We assume that d, > dz >--- > dn, where d; is the degree of vertex 7. We are concerned 
just with d,, > 2 which is the same as requiring the graph to be 2-connected. When w(G) =n, 
we have a complete graph. 

One of the nice properties of threshold graphs is that the number of spanning trees and 
the chromatic polynomial can be computed easily. In fact, for G, a connected threshold graph, 
we have that 


w(G)-1 n 
(a= [[ @+) TT «& (3-1) 
j=2 i=w(G)+1 


The formula follows directly from a result due to R. Merris in [14]. Observe that when 
w(G) = n, the formula is Cayleys formula for the number of spanning trees of K,. The 
chromatic polynomial can be computed by using a classical result of Read on quasi-separations, 
see [17], we have that 
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w(G) n 
x(G;x) = ][ @-i+1) II (a — dj). 
i=1 i=w(G)+1 


Now, applying the famous result in [19] that relates the number of acyclic orientations and the 
chromatic polynomial, namely a(G) = |x(G;-—1)|, we get that 


n 


a(@)=w(@)! J] +1). (3:2) 


i=w(G)+1 


We start by giving some useful lemmas. 


Lemma 3.1 For x > 2, 


1 


l 1)-1 < : 
n(x + 1)— In(z) ae 


Lemma 3.2 If G is a 2-connected graph with a vertex v of degree d, then (24 —2)a*(G—v) < 
a*(G). 


Proof If a*(G—v) = 0, the result is trivial. Otherwise, choose any totally cyclic orientation 
Oq_y of G—v. Now, choose 6, as any of the 24 — 2 orientations of the edges adjacent to v that 
do not make it a source or a sink. We extend 0g_, to an orientation 6¢ of G by oriented the 
edges on v according to 6,. We prove that this orientation is totally cyclic. Any are u > w 
with u #v # w is in a oriented cycle of g_y. To an arc @ = v — u corresponds an arc 


b =w-— v by the choice of 6,. The orientation 6g_, makes G — v strongly connected, so there 
is a directed path from u to w; that together with w — v — u form a directed cycle. Thus, 


sa 
both @ and 6 are in an oriented cycle. 


We prove that threshold graphs satisfy Conjecture 2.2 in three stages. 


Lemma 3.3 If G is a threshold graph with degree sequence (di1,--- ,dn), dn = ++: = d3 = 2, 
and w(G) = 3, then y(G) > 7?(G). 


Proof The graph G is Kom plus the edge eg joining the two vertices of degree m, where 
m =n—2. We denote this graph by i - m: By the deletion and contraction relation R3 applied 
to eo, we get that the Tutte polynomial of G is the sum of the Tutte polynomials of the graphs 
St?, and Kom, where St?, is the graph obtained from a star with m edges by replacing every 
edge by a 2-cycle. The first graph has Tutte polynomial (x + y)™. The Tutte polynomial of 
Kom could be easily computed by using the general formula for the Tutte polynomial of the 
tensor product of graphs G; and G2, where, G is the graph P3” , that is m parallel edges, and 
Gp» is the path Ps of length 2. This particular case of the tensor product is also referred to as 
the stretching of G1, see [10]. We get that 


T(Komi2,y) = (a +1)™? > 63) +). (253) 
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By evaluating the Tutte polynomial of G at (1,1), (0,2) and (2,0) we obtain 7(G) = 
2™-1(2 + m), a* (G) = 2™*1 — 2 and a(G) = 2 x 3”. So, we want to prove that 6™ —1 > 
2?m(mt?)? It is enough to prove that m In(3/2) > 2In(4). But basic calculus shows that 
the function In(3/2)a — 2In(4*) is positive in the interval [1, 1). 


Let n > 4, m > 0 and let G be a threshold graph with degree sequence (dj,--- ,dn4m) 
such that dj = dg =n+m-—1, dg =---=d, =n-—1, and dyyi =--: = dnim = 2. So, the 
graph G is the parallel connection of K,, and the graph K. 2 m along €9. We denote these graphs 
by II(n,m). 


Lemma 3.4 Forn > 4 andm> 0, y(II(n,m)) > 7?(I(n,m)). 


Proof For n = 4 and m > 0 we can use the formula for computing the Tutte polynomial of 
the parallel connection given in [2] to get an expression for the number of spanning trees, acyclic 
orientations and totally cyclic orientations. Thus, 7(II(4,m)) = 2™*?(4 +m), a(II(4,m)) = 
8x3™*1, a*(II(4,m)) = 9x2™*?—12. Then, y(I1(4,m)) > 7? (II(4, m)) for m > 0. By formulae 
(3—1) and (3—2) and Lemma 3.2, we have the following recursive relations for acyclic and totally 
cyclic orientations: a(II(n+1,m)) = (n+1)a(II(n,m)), a* (I(n+1,m)) > (2”—2)a*(II(n, m)) 


and for trees we have 


n—-3 
) (n + 1)r(II(n, m)). 


7(II(n + 1,m)) = (tees) € rs 


nmn+m n 


Using these relations we get the following inequalities: 


In(72(II(n +1,m))) = In(r2(I(n,m))) + 2In (sent) 
+2(n — 3)In (: *) + 2In(n +1) 
< In(r2(I(n, m))) + 2(n — 2)In € - *) +2In(n +1) 


< In(r?(II(n, m))) + In(2” — 2) + 2in(n 4+ 1). 


The last inequality can be proved using Lemma 3.1 for n > 5 and by direct computation for 
n = 4. Now, by using induction we have that the last term is at most In((II(n,m))) + In(2” — 
2)+In(n +1). Algebraic manipulation and the recursive relations mentioned above give that 
the last quantity is at most In((II(n + 1,m))). 


For m = 0, a similar proof as above gives 


Theorem 3.5 Forn > 4, a*(Ky) > T(Kn). 


The quantity a*(K,,) has also the interpretation of being the number of strongly connected 
labeled tournaments on n nodes, and its exponential generating function is given by 1—1/(1+ 
f(ax)) where 
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f(x) = os | 2 |e 


m>1 


see [11] for details. 

Finally, if G is a threshold graph with degree sequence (d),--- ,dn,2,--- ,2) and we delete 
the vertex labeled n > 3 with degree d, = p, we obtain the (unique up to isomorphisms) 
threshold graph G’ = G—{n} with degree sequence (d;—1,--- ,dp—1, dp41,--+ »dn—1,2,--+ , 2). 
If G is not the complete graph, then w(G) = w(G — {n}). 


Lemma 3.6 If G is a threshold graph with degree sequence (d1,--: ,dn,2,--- ,2) and dy, > 3, 
then y(G) > 77(G). 


independent set 
clique 


Fig.3 The case of Lemma 3.4. Fig.4 The case of Lemma 3.6. 


Proof If n = 2, and thus w(G) = 3, then the result is true by Lemma 3.3. If d, =n —1, 
and thus w(G) = n, the result follows by Lemma 3.4. We assume that d, =p <n-—1. 

We have, by formula (3 — 1), the recursive relation r(G) = p(—4,)?~'r(G’). Thus we 
obtained the following inequalities: 


In(r?(G)) = In(72(G’)) +. 2(p — In (. ” :) + In(p?) 
< In(r?(G’)) + oe 2 + In(p”) 
20 6(p — 1) 2 
< In(7*(G’)) + 3p 44 + In(p*) 
< In(r?(G")) + In(2? — 2) + In(p + 1), 


where the second inequality follows by Lemma 3.1, the third inequality is because p < n—2, and 
the last inequality is because the function In(2” — 2) + In(p+ 1) — we 


[3, co) which can be proved by basic calculus. Using induction we have that the last expression 
is at most In(y(G’)) + In(2? — 2) + In(p+1). But by formulae (3 — 2) and Lemma 3.2 we have 


— In(x?) is positive in 
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a(G) = (p+1)a(G’) and a*(G) > (2? —2)a*(G"). Therefore, In(y(G’)) +In(2? — 2) +In(p+1) < 
Iny(G). 


Theorem 3.7 If G is a threshold graph, then max{a(G), a*(G)} > 7(G). 


It is not difficult to modify the proof of the previous theorem to get the following 


Theorem 3.8 If G is a threshold graph with degree sequence (d\,--- ,dn) and d, > 3, then 
a*(G) > r(G). 


We believe that the same techniques can be used to prove that the conjecture is true for 
chordal graphs. 


3.2 Complete bipartite graphs 


The complete bipartite graphs K,, also satisfy the conjecture. Using the matrix-tree theorem 
it is easy to prove that the number of spanning trees of Kym ism™~!m"~1!. For Kom equation 
(3 — 3) can be used to compute the number of acyclic orientations, and it can be checked that 
T(Kom) = 2™ 1m < 2x 3" — 2" = a(Kom) for m > 2. 

The exponential generating function for the chromatic polynomial of Ky,,m appears in [20]. 
Using the same technique the authors in [13] gave the exponential generation function for the 
Tutte polynomial of Kym. From that we get an expression for the exponential generating 
function for totally cyclic orientations, 


-1 


7 n a saat y® 
tan DS Comat | De otal 
(n,m)4(0,0)EN2 (n,m)EN? 


By grouping terms, the right hand side can be written as the inverse of the exponential 
generating function e¥ + e7%r + e4¥x?/2!+---. By solving we get e~4¥ — x + (2e¥ — e?¥) x? /2!+ 
(6e34 — e&Y — 6e?¥) x3 /3!-+---. Thus, a*(Ki,m) = 0 for all m > 1; a* (Kom) = 2-2 form>1 
and a*(K3m) = 6" —6 x 3" +6 x 2™ for m > 1. We conclude that a*(K3,m) is bigger than 
T(K3,m) for m > 4. 


For n > 3 we have the following recursive relations: 


1 
T(Kntiym) — m(1 + —)™~'1(Knm) 


and 


a* (Kn+1,m) > (2% = 2)a* (Kn.m)- 


As n > 3, In(1+1/n) < 3/(8n +1) < 3/10 by Lemma 3.1. Thus, t(n + 1,m) < a*(n + 1,m) 
follows by induction as Inm + 3/10(m — 1) < In(2™ — 2) for m > 4. Putting these together we 
have the following. 


Theorem 3.9 For allm >n > 2, max{a(Kn ym), 0* (Kn.m)} > T(Knm)- 
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§4. Experimental data 


Our experiments are based on two computer programs. One is TuLiC written in Java to 
compute the Tutte polynomial for moderate-sized graphs. The program was developed by 
Conde using the algorithm given in [18]. The program can be found at 


http://ada.fciencias.unam.max/ rconde/tulic/. 


The second one is the Nauty package of Brendan McKay which we use to generate all non- 
isomorphic 2-connected simple graphs, see [12]. We automatized the search for a counterexample 
to Conjecture 2.1 by the following steps: 


1. We generated eight files, each one containing all the non-isomorphic 2-connected simple 
graphs of 3,4,5,6,7,8,9 and 10 vertices respectively, in a simple format that is easily parsed. 


2. We wrote a program in the Java language that uses TuLiC’s libraries to evaluate the Tutte 
polynomial of each graph at the points (1,1), (2,0) and (0,2). The program enumerates all the 
graphs and the output for each graph is of the form graph-number 7(G)a(G)a*(G) [true| false]. 


3. Finally, we made a shell script that uses the program described above to execute all the 
experiments. The script needs at least two parameters: The input file, containing the graphs 
to be tested, and the output file, where it puts the results. 

For example, the output file at the end of the process for all the 2-connected simple graphs 
on 5 vertices will look like this: 


12 46 6 true 
20 54 14° true 
5 30 2 true 
11 42 6 true 
true 
40 72 60° true 
24 60 24° true 
45 78 78 true 
75 96 204 true 
10: 125 120 544 true 


To find a counterexample for the conjecture, we only needed to search these files for a line 


Oo ON DD Oo FP WO NO FR 
bo 
a 
Oo 
ww 
— 
[oe 


containing the word false. With the graph number, the graph can be extracted from the original 
file. After we ran the experiments on all the graphs, in total 9,945, 269, no counterexample was 


found. 


§5. Conclusion 


We proved Conjecture 2.1 for some infinite families of graphs and so we have provided evidence 
that makes the conjecture more plausible. There are some more families; for example Marc Noy 
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(private communication) proved that 7(G) < a(G) when G is a maximal outerplanar graph by 
using contraction-deletion. 

However, we were unable to prove anything relevant for graphs with multiple edges or, the 
dual concept, with edges in series. It remains to be discovered if by checking graphs with a 
good mixed of multiple edges and edges in series a counterexample can be found. 

There are several related problems. For example, the complexity of deciding if a(G) is 
bigger than 7(G) is not clear. Computing exactly a(G) is #P-complete, see [10], but this is 
much more than is needed. In [4] an FPRAS for a(G) is given provided G has girth at least 
(5 + d)loggn. So, for this class of graphs, there is an FPRAS for the quantity a(G) — 7(G). 

Our results about complete bipartite graphs suggest that Conjecture 2.1 may be true for 
graphs that either contain two edge-disjoint spanning trees or in which the edge-set is the union 
of two spanning trees. Probing the conjecture for 4-edge-connected graphs would be a good first 
step but we were not able to do that. However, this can be proved for a similar class of graphs. If 
G is an n-vertex m-edge graph with edge-connectivity Q(log(n)), then a*(G) = 2™(1—O(1/n)) 
by a result in [9]. We also have a general upper bound for 7(G) given in [8]; that is, 


noe (s5) (as 


where [| d; is the product of the vertex-degrees. Since 2” is bigger than the last quantity, this 


7 
class of graphs also satisfies the conjecture. 
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Abstract: A Smarandache graphoidal tree (k,d)-cover of a graph G is a partition of 
edges of G into trees T,,T2,--- , 7; such that |E(Z;) N E(T;)| < k and |T;| < d for integers 
1 <i,j <1. In this paper we investigate the garphoidal tree covering number yr(G), i.e., 
Smarandache graphoidal tree (0, 00)-cover of complete graphs, complete bipartite graphs and 
products of paths and cycles. In [5] M.F.Foregger, define a parameter z’(G) as the minimum 
number of subsets into which the vertex set of G can be partitioned so that each subset 


induces a tree. In this paper we also establish the relation 2/(G) < yr(G). 


Key Words: Smarandache graphoidal tree (k,d)-cover, graphoidal tree cover, complete 
graph, complete bipartite graph, product of path and cycle. 
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§1. Introduction 


By a graph we mean a finite, undirected graphs without loops and multiple edges. Terms not 
defined here are used in the sense of Harary [6]. Any vertex of a graph H of degree greater than 
1 is called an internal vertex of H. A Smarandache graphoidal tree (k, d)-cover of a graph G is 
a partition of edges of G into trees T), T2,--- ,T; such that |E(T;) N E(T;)| < k and |T;| < d for 
integers 1 < i,7 <1. Particularly, a Smarandache graphoidal tree (0, 00)-cover, usually called a 
graphoidal tree cover of G is a collection of non C trivial trees in G such that 


(i) every vertex is an internal vertex of at most one tree; 
(ii) every edge is in exactly one tree. 


Let Y denote the set of all graphoidal tree covers of G. Since E(G) is a graphoidal tree 
cover, we have Y # (). We define the graphoidal tree covering number of a graph G to be 
the minimum number of trees in anygraphoidal tree cover of G, and denote it by yr(G). Any 
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graphoidal tree cover Y of G for which |_.Y%| = yr(G) is called a minimum graphoidal tree 


cover. 


Example 1.1 Consider a graph G given in the Fig.1. 


v2 
U6 
Fig.1 
Let T,, Tz and T3 be the trees in Fig.2. 
v2 V2 
V4 V4 U1 U3 
V1 U3 
U5 U3 
U1 
U6 U6 U5 
Fig.2 


It is easy to see that the graph G in Fig.1 cannot be covered by two trees. Since the three 
trees shown in Fig.2 form a graphoidal tree cover, yr(G) = 3. 


Observation 1.2 If deg(v) > yr(G), then v is an internal vertex in some tree in every minimum 


graphoidal tree cover. 


Observation 1.3 For a (p,q) graph G, yr(G) 2 [54]. 


Observation 1.4 y7(G) > HG) if 6(G) > 0. 


§2. Preliminaries 


7(G) is the minimum number of subsets into which the edge set F(G) of G can be partitioned so 
that each subset forms a tree. A cyclically 4-edge connected graph is one in which the removal 
of no three edges will disconnect the graph into two components such that each component 
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contains a cycle. We state some preliminary results from [2] and [4]. 
Theorem 2.1([4]) 7(Kn) = [4]. 
Theorem 2.2([2]) If G is a 2-connected cubic graph with p vertices, p> 8, then T(G) < [4]. 


Theorem 2.3((2]) If G is a 3-connected cubic graph with p vertices, p > 12, then r(G) < [4]. 


Theorem 2.4([2]) If G is a cyclically 4-edge connected cubic graph with p vertices, 8 < p< 16 
then T(G) = 2. 


§3. Complete and complete bipartite graphs 
We first determine the graphoidal tree covering number of a complete graphs. 


Theorem 3.1 yr(Kn) = [4]. 


Proof From observation 1.4, it follows that yr(Kn) > [4]. We give a construction for the 
reverse inclusion. First, let n be even, say n = 2k. For i = 1,2,--- ,k, let T; be the tree shown 
in Fig.3 (subscripts modulo n). The Standard Rotation Method shows that this is true. ( see 
Fig.4 for the case n = 8). 


Vi41 


U2k+i-1 
Ui+2 7 
Ui Vitk 
° Uitk+2 
Vitk— 
i+k—-1 Vitk+1 
Fig.3 
V2 U3 U4 U5 
U3 U4 U5 U6 
U1 2 v2 “ U3 U4 
U4 U5 U6 U7 
U5 U6 U7 Us 
ug* v1° vg U3 
U7 U8 U1 U2 
U6 U7 U8 U1 


Fig.4 
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For n odd, delete one vertex from each tree in the decomposition given for Ky,41. The 


result is clearly a graphoidal tree cover for Ky, once isolated vertices are removed. 


We now turn to the case of complete bipartite graphs, beginning with a general result on 
the diameter of trees in a minimum graphoidal tree cover. The following standard notation is 
used for the partite sets of Km» with m <n: X = {1,%2,+-+ ,Um} and Y = {y1, y2,°-: Yn}. 


Lemma 3.2 If a minimum graphoidal tree cover Y of Kmm contains a tree with a path of 


length> 5, then it also contains a tree with exactly one edge. 


Proof Let T € Y contain a path P = (x1, y1, £2, yo, 3, y3,--:) where x; © X andy; EY. 


Since y; and «3 are internal in 7’, these cannot be internal in any other member of ,Y. Therefore 


T, ={(yix3)} € J. 


Lemma 3.3 Ifm<n< 2mC 3, yr(Kmn) = Loe 


Proof Suppose yr(Kmn) = 7 with r < [=#*] 


. Let Y be a minimum graphoidal tree 
cover of Kmn- Since 6(G) =m > 4f* > r (as n < 2mC 3), by Observation 1.3, we have every 


vertex is an internal vertex of a tree in Y. 


Claim 1. No tree in Y can have more than two internal vertices from X with a common 
neighbor from Y. Suppose 21, %2,--- ,Z_ (k > 3) are all adjacent to y; in T; of .Y. Then the 
sum of degrees of #1, %2,--- , 2, in T; is at most n+k—1. But each x; (¢ = 1,2,--- ,k) is an 
end vertex in at most r—1 other members of .Y. So they have at most n+k—1+k(r—1) total 
adjacencies in Y. Since r < 4", n+k—-1+k(r—1) < SntSk-Stk(mtn) 3k < n@kts) _ 4 (m < 


n) =nk— (ae +1) < nk (k > 3), a contradiction. Hence we have Claim 1. 


Claim 2 There exists a minimum graphoidal tree cover Y' such that no tree in Y' has a 
path of length> 5. 


Suppose T; € Y has a path (21, y1, £2, y2, £3, y3,--+). Then by the previous lemma, a tree 
T2 in Y has just the single edge y: x3. Let Tj be the tree containing x2 obtained by removing 
the edge y1x2 from T;. Let Ty be the tree (T; — Tj) UT. Let .Y/ be the graphoidal tree cover 
obtained from Y after replacing T,T> by T{,T3 respectively. If there is a tree in Y/ again 
contains a path of length> 5 we repeat this process for .Y/ and so on. Finally we get the 
required minimum graphoidal tree cover _Y'. Hence we get Claim 2. 

Now we can assume that no tree in Y has a path of length > 5. 


Claim 3 No tree in Y can have more than two internal vertices from Y with a common 


neighbor from X. 


Suppose there is a tree T; in Y containing k internal vertices y1, y2,--- , yx (kK > 3) with 
a common neighbor x1. Since m > yr(G) and every vertex is an internal vertex of a tree in 
A, there is a tree in Y, say, Tz containing at least two vertices from X as internal vertices. 
By Claim 2, the internal vertices of a tree in .Y form a star and so the internal vertices from 
X in Tj have a common neighbor from Y. By Claim 1, T> has exactly two internal vertices 
tq and x3 from X with a common neighbor y, from Y. Between x2,73 and Yi, ya,°-* 5 Yk 
there are 2k edges in Ky. Clearly x2 and x3 can be made adjacent with two y’s in T,. Let 
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it be y, and ye. Now yi, ¥yo,-:: ,Yy~ can be made adjacent with 2’s in T2. But it will cover 
exactly & + 2 edges (out of 2k edges) and so by the definition of graphoidal tree cover, each 
uncovered edge is a tree in .Y. Without loss of generality let 73,T4,--- , TZ}, be the trees with 
edges (y3, Vis); (Y4;21,),°°* 5 (YR, Lt, ) respectively, where 1; € {2,3},3<71<k. By Claim 2 the 
internal vertices of JT; form a star. Removing all the edges incident with y; from T, to form the 
tree T/ (3 <i <k). Let Tj be the tree formed by the remaining edges of T, after the removal. 
Now each T; in Y is replaced by T/ UT; for 3 <i <k. Also replace T; in Y by Ti. If Y 
again contains a tree having more than two internal vertices from Y with a common neighbor 
from X. We repeat the above process and so on. Hence we have Claim 3. From Claims 1, 2 
and 3, it follows that no tree in Y has more than three internal vertices. Since every vertex of 
Km,n must be an internal vertex of a tree in Y and yr(Kmn) = 17, we have only 3r (<m-+n 


) internal vertices in Y. This is a contradiction. Hence yr(Km,n) > [“£*]. 


Theorem 3.4 [fm <n < 2mC 3, then yr(Kinn) = [Ee ). Furthermore, ifn > 2m — 3, 
then yr(Kmn) =m. 


Proof By Lemma 3.3, 7r(Kmn) > [2+"]. Next we proceed to prove yr(Km.n) < [2], 
where 3< m<n<2m-—3. Let r= |e | = 2m—ntk where & is 0,1 or 2. 
Define for 1 <i<r 


Pe = {ti yitrr)} U{Woes) I AGr+GL S 7 Sm—kU{@y) ir <7 s 
m—r—k}U{(tr+i, yj): m-r-k<j<n-—k}. 


For 1 <i<m-— 2r—k we define 
Pitr = {rpastorpasYin r peat U Cao i eT hay m— P aeke <pS OR 
{(Yr+i, tj) TFL S 9 < 2} U {(Ym-r—etis Bj): 1 <7 <r}. 


For k=1 


Prm—r = {(m5Yn)} U {(@ms yj) 1S J Sn-WYU {n,2j) 1S 7 <m-— I}. 


For k = 2 


Pura = {(8m—1sYn-a)}U {(@m—ti) 1S 9 SC 2} UL{(Yna2j) 1S 7 S mC, 
Pm—r = {(2m; Yn)} U {(Lm, Yj) pl<7en—1}U {(Yn £3) La 7s m1} 


Clearly Y = {Pi, Po,---,Pm-—r} is a graphoidal tree cover for Km». Therefore yr(Kimn) < 
mar HBS < [oH 

Let n = 2m—2+k,k > 0. Suppose that yr(Kmjn) 4m. Then there exists a graphoidal 
tree cover Y with at most m— 1 trees. Since 6(G) > m — 1, it follows that every vertex is an 
internal vertex of a tree in Y. If 2; is an internal vertex of a tree T in Y then degy(x;) => 
2m—2+k—(m—2)=m-+k. This implies that in any minimum graphoidal tree cover exactly 
one vertex of X should be internal in a tree. But there are m vertices and |_4%| <m-—1. This 


leads to a contradiction. Hence yr(Km,n) > m. Clearly, yr(Kmn) <m and so 


y0(Kmjn) =m. 
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The following examples illustrate yr(Km.n) = [2**]. 


Example 3.5 (7) Consider K45. Clearly k =0 andr =1. 


Y2 ¥3 r2 
Y2 
Xy 
= ¥3 x3 
Y1 
vA U5 
x2 Ya 
Yo Yo Xy 
Fig.5 


(it) Consider Kg9. Clearly r= 2 and k = 1. 


XY TQ LE wal Yr 
t% Yi v4 L7 
3 
2 
as ; ¥8 


v2 
¥3 
Ya r4 
Y2 
U5 
XY 
x3 L4 
¥3 
YA 
U5 U5 
Y¥6 
Ly v2 


23 TA 4X3 v4 Ya Y5 Y6 
Ya Y5 ¥3 
Yo Y¥6 aoe a 
¥3 Y1 OR 
U7 
X6 Y4 
¥8 U7 Ly 2X7 
Ya 
U7 ¥8 x2 
Ly v2 Uy 22 
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(iti) Consider Ky2,13. Clearly r = 3 and k = 2. 


Y4 Y¥5 Ye U7 Y4 Y¥5 Ye U7 YA U5 Ye U7 
oe ee re Nee ie el 
Ly T10 x2 v3 
Xy XY 
Hie) x2 710 
x3 
x9 
x8 x9 v2 
x3 v4 
Y1 Y1 
XL7 a x8 x6 xg Y3 4 
5 X5 
x6 v4 x7 x7 
oT se . 
¥8 Y9 Yio Yili ¥8 Y9 Yio Yi ¥8 Y9 Yio Yii1 
r5 @ a5 @ r5 @ 
eee ies a ihe mer | ee 
YA 
YA Yi1 Y5 Y11 Y¥6 YA 
Yl 
Y¥5 Y¥6 Y5 
Y10 Yo Y7 e © U7 
x9 
x7 Y10 ¥8 Yo 
Yo ¥8 
U7 
¥8 Y10 Y10 
e ee ale Ales ee 
Ly x2 x3 Ly v2 x3 XY 22 x3 
4 x5 x6 Y12 Y2 Y1 Yil—-Yil1o y2 Yl 
@ e e eee 
x 
Y10 U7 Y4 o 
Yo e © U5 
210 
a Y11 Y6 Y12 
ra eee 
XY x2 x3 Ty x2 X10 


Fig.7 
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§4. Product of paths and cycles 


Theorem 4.1 (a) yr(Pm X Pn) = 2 for integers m,n > 2; 
(b) yr(Pn X Cm) = 2 for integers m > 3, n> 2; 


(c) yr(Cm X Cn) = 3 for integers m,n > 3. 


Proof The fact that P,, x Co; and Py», x C241 can be decomposed into graphoidal tree covers 
of order 2 clearly follows from Fig.11 and Fig.12. Hence (b) follows. It is easily seen that deleting 
the edges (Wit, Win), 7 = 1,2,3,--- ,m ( from Fig.8, Fig.9 and Fig.10) produces a graphoidal 
tree cover for P,, x P, and so (a) follows. Since C,, x Cy, is 4-regular, yr(Cm < Cn) > 2. Now 


consider the minimum graphoidal tree cover {T), T2} of Pn—1 x Ch. 


Wit W110 

Wet W6,10 
Ps x Pio 
Fig.8 

+ + ° 

ese ff +—_________# 

@------ +—______# 

aS = pad 

es Bees o¢—_____+4 

ee eee { 


Fig.9 
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+ ¢- + st $ + $e ® 4 
1 1 \ \ 
1 1 ' \ 

1 1 \ \ 
¢——_+----+# #----+4 #----+4 #----4% 
1 1 ' \ 

1 1 \ \ 

1 1 ' \ 
o——_+----* #----+ o#----* o#----4* 
1 1 1 1 
1 1 1 \ 

1 1 \ 
o——__e----*+ *#---- @---- + @----# 
1 1 \ \ 

1 1 \ 
ee eee srscat peetea ee 
1 1 \ \ 

1 1 ; 1 
1 1 \ 
o——+ -- - -@ - - - #- -- - @- - - -@ - - - -@- - - - #——— 
Pe x Po 

Fig.10 


Here in Fig.11 and Fig.12 thick lines form the tree JT; and dotted lines form the tree Tb. 


Case (i) n ts even. 
To the tree To, add vertices wm and wma. Then add a vertex Wm,3 adjacent to wy1,3, 


Wm-1,3, Wm,2 and Wma. The only additional internal vertex this creates is wm,3. 


W51 W52 


Fig.11 


Now take a third tree as Tz; = {(Wmji-1,Wm,i) 12 <i < n3t F 3,4} U {(wma, Wmn)} U 
{(Wmi: Wii); (Wm,i,Wm—1,i) a < a S n3t #x 3}. 


Case (ii) n is odd. 
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To the tree Ty, add vertices wm») and wm,3. Then add a vertex Wm,2 adjacent to w1,2, 


Wm-1,2, Wm,1, Wm,3- The only additional internal vertex this creates is wm,2. 


Fig.12 


Now take a third tree as T3 = {(Wmj—1,Wmi) :4 <4 < n}U{(Wmi,Wmn)}U {(Wmis Wii); 
(Wm i;Wm—1i): 1 <i<n;iF 2}. Now {T1, 72,73} is a graphoidal tree cover for Cy, x C, and 
so yr(Cm X Cr) = 3. 


Observation 4.2 It is observed that 7(G) < yr(G). From Theorems 2.1 and 3.1, it follows 


that (7) Tn) = yr(Kn) = [$]. It is also observed that 7(G) = yr(G) for all graphs with 


maximum degree< 3. From Theorems 2.2, 2.3 and 2.4, it follows that 
Theorem 4.3 If G is a 2-connected cubic graph with p vertices, p = 8, then yr(G) < [4]. 
Theorem 4.4 If G is a 3-connected cubic graph with p vertices, p > 12, then yr(G) < |§]. 


Theorem 4.5 If G is a cyclically 4-edge connected cubic graph with p vertices, 8 < p< 16 then 
yr(G) = 2. 


§5. Relationship between 7/(G) and yr(G) 


In [5] Foregger, M F and Foregger, T.H defined +’'(G) as the minimum number of subsets into 
which V(G) can be partitioned so that each subset induces a tree. In this section we try to find 
some relationship between 7’(G) and yr(G). 
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Theorem 5.1 Let G be a graph with vertices p > 4 and let Y = {T1,T2,--- , Tn} be a minimum 
graphoidal tree cover of G with |E(T;)| =1 for some j and |E(T;)| >1 for alli #7. Then we 
can always find a minimum graphoidal tree cover Y' = {T/,T5,---,T,} with |E(T))| > 1 for 


all i. 


Proof Let T; = {(xy)}. Consider cases following. 


Case (i) Suppose at least one of the vertices x and y, say 2, is internal in a tree of Y. First 
assume that x is internal in a tree T; of Y. If y ¢ V(T;) then replacing T; by T; UT; and 
removing T; from Y, we get a graphoidal tree cover _Y’ with |_%'| < |_%|. Hence y € V(Z;). 
Let (w, 2, 2z,--- ,y) bea path in T;. Let C; and C2 be the two components of T; — (xz) containing 
x and y respectively. Replace T; and T; by C2 U (wz) and C UT; respectively so that both of 
them have at least two edges. Now  Y is still a minimum graphoidal tree cover and |E(T)| > 1 
for every T € UY. 


Case (ii) Suppose both x and y are external vertices in Y. If x € V(T;) and y ¢ V(Z;) then 
as in Case (i), we get a graphoidal tree cover Y’ with |_Y%'| < |_Y%|. Hence either x,y € V(L) or 
x,y ¢ V(T) for every Tin Y. Let ,y € V(T,), Tr € Y. Suppose |E(T,)| > 2. Let e = (xz) 
be an edge in T;.. Replace T; and T; by T; — e and T; Ue respectively and the result is true 
in this case. So let us assume that |E(Z;)| = 2 for some T; € Y and x,y € V(T;). Suppose 
T; = (xzy) € Y. Then deg(z) > 3 in G. For, suppose deg(z) = 2 in G. Since G is connected 
and p > 4, we must have at least one of the vertices x, y is of degree> 3. Since x or y alone can 
not be a member of a tree in Y and z,y € V(T;), V(T;) we have deg(x) > 3 and deg(y) > 3. 
Let x and y be external vertices in a tree T, of Y (r 1,7). Replace T, and T; by TU (xz) 
and T;U(zy) respectively. Now {T, To,--- ,Tj-1, Ti41,-+- , In} is clearly a graphoidal tree cover 
for G. This is a contradiction to the minimality of .%. Hence deg(z) > 3 in G. Now, z must 
be external in some tree T, of YY. Clearly x,y € V(T,). Suppose z,y ¢ V(T,). Replace T;, and 
T; by T,U {(xz)} and T; U {(zy)} respectively in Y. Now {71,To,--- ,Ti-1,Ti4i,--: , Tn} is 
clearly a graphoidal tree cover for G. This is a contradiction to the minimality of .Y%. It shows 
that x,y € V(T,). Since x, y and z are external vertices in T, we have |E(T,)| > 3. Let e be an 
edge in T, containing z. Replace T; and T; by {T; — (xz)} U {e} and T; U {(xz)} respectively. 


Now Y is a minimum graphodial tree cover and |E(T)| > 1 for every T € UY. 


Proposition 5.2 If p> 4, then there exists a minimum graphoidal tree cover of a connected 


graph G, in which every tree has more than one edge. 


Proof Let Y be a minimum graphoidal tree cover of G and let Y = {T1,T2,---, Th}. 
Let us assume that T; = {e;},1 <i < k and |E(T;)| > 1 fork+1<j <n. Let G= 
G — {e1,€2,:-: ,ex}. Clearly 4’ = Y — {T,,To,--- , Tx} is a graphoidal tree cover for G’. 
Suppose G" is a disconnected graph. Then the number of components w(G’) is greater than 
one. If w(G’ Ue;) = w(G’) for every i € {1,2,---,&} then G is disconnected. Hence we 
can choose e; = (2;,y;) for some i € {1,2,--- ,&} such that w(G’ Ue;) < w(G’). Let G,GY 
be the components of G’ such that Gi UG U e; is connected. Without loss of generality 
assume that x; € Gi, y € GY. If at all a; is internal in a tree of Y, let it be in a tree 
T (of Y) in Gi. Clearly “47. = (Y — {T,Ti}) U{T UT;} is a graphoidal tree cover of G 
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and YY, < | Y|. This is a contradiction. Hence G’ is connected. Take G; = G’ U {e1}. 
Clearly Yi = £' U{T)} is a minimum graphoidal tree cover for G; and |,4i;| =n—k+1. 
For, suppose y7r(G1) < n—k+1 and let .Y” be a minimum graphoidal tree cover for G). 
Then |.7"| <m—k+ 1. Since 'G = G; U {e9,---,en}, 2% = 2" UIT 4Tk}bis a 
graphoidal tree cover for G and | "| = | Y"|+k-1l<n-k+1+k—-1=n. This isa 
contradiction to the minimality of Y%. Hence yr(Gi) = n-—k+1. By Theorem 5.1, there 
exists a minimum graphoidal tree cover Y/ of G; in which every tree has more than one edge 
and | 4{| =|f4i|) =n—k+1. Let Gp = G, U {e2}. Proceeding as above, we find a minimum 
graphoidal tree cover Y2 of Gz in which every tree has more than one edge. Finally, we get 
G = Gn = Gn_-1 U {en} and by a similar argument as above, we find a minimum graphoidal 
tree cover Y,, of G = G,, in which |E(T)| > 1 for every T € Yn. 


Lemma 5.3 Let p(G) > 4. Let Y be a graphoidal tree cover of G such that |E(T)| > 1 for 
every treeT € Y. Let i(T) be the set of internal vertices of T. Then (i(T))-the subgraph 
induced by i(T’) is a subgraph of T and it is a tree for everyT € JY. 


Proof If |s(T)| = 1 then clearly the result is true. Let |i(T)| > 1. Let x,y € i(T) and 
xy € E(G). Suppose ry ¢ E(L). Then there exists T’ of Y such that T’ = {(xy)} by the 
definition of graphoidal tree cover. By our assumption this is not possible. Hence (i(T)) is a 


subgraph of T and it is a tree. Moreover, it is got by removing all the pendant vertices of T. 


Theorem 5.4 If G is a (p,q) graph with p > 4, then 7'(G) < yr(G). 


Proof By Proposition 5.2, we have known that result (1) following: 


there exists a minimum graphoidal tree cover Y such that |E(T)| >1 for allT © Y and 


| Fl =n. 
Let J = {T, T,- ie dy 


Case (i) If every vertex is an internal vertex of a tree of Y%, then V(G) = i(T)) U---U2(T,) 
is clearly a vertex partition of G. By Lemma 5.3, (i(Z})) is a subgraph of Tj and is a tree for 
1<j<n. Hence 7/(G) <n < yr(G). 


Case (ii) Let x be one of the vertices which is not internal in any tree of Y. Let x € V(T;,) and 
v € i(T;,) such that xv € E(T;,). Since z is not internal in any tree of Y and v is not internal 
in any tree except T),, we have (i(T;,) U {x}) isa tree. For, if cu € E(G) and zu ¢ E(T;,) where 
u#v in i(T,), then by the definition of graphoidal tree cover there exists T’ of Y such that 
T’ = {(xu)}. This is a contradiction to claim in (1). 

Let x,y be non-internal vertices in any tree of Y. Let x,y € V(Ty). If cy € E(G) 
then there exists T’ of Y such that T’ = {(xy)}. This is a contradiction to the claim (1) 
also. Clearly, in this case (i(T;,) U {x, y}) is a tree. In this way we adjoin every such vertex to 
an i(T;,). We make sure that each such vertex is adjoined to only one 7(T;,). These induced 
subgraphs give rise to a partition of V(G) and these induced subgraphs form n = yr(G) trees. 
Hence 7'(G) < n = yr(G). From Theorems 3.1 and 4.1 it follows that yr(G) = 7/(G) for the 
following graphs Ky, Pn x Pp, and P, x Cy. 
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Something attempted, something done. 


By Menander, an ancient Greek dramatist. 
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There are 8 chapters in this book. Chapters 1 and 2 are the fundamental of this book. 
Chapter 1 is a brief introduction to combinatorics with graphs and Chapter 2 is an application 
of combinatorial notion to mathematical systems. Algebraic structures, such as those of groups, 
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combinatorial gauge fields. 
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ativity, Maxwell field and Yang-Mills gauge fields are introduced in Chapter 7. Then Chapter 
8 generalizes fields to combinatorial fields under the projective principle, i.e., a physics law in 
a combinatorial field is invariant under a projection on its a field. Then, it show how to deter- 
mine equations of combinatorial fields by Lagrange density, to solve equations of combinatorial 
gravitational fields and how to construct combinatorial gauge basis and fields, ---. 

All material discussed in this book are valuable for researchers or postgraduates in combi- 
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